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Abstract: Mirror symmetry has proven to be a powerful tool to study several
properties of higher dimensional superconformal field theories upon compactification
to three dimensions. We propose a quiver description for the mirror theories of the
circle reduction of twisted A2N theories of class S in four dimensions. Although
these quivers bear a resemblance to the star-shaped quivers previously studied in
the literature, they contain unitary, symplectic and special orthogonal gauge groups,
along with hypermultiplets in the fundamental representation. The vacuum moduli
spaces of these quiver theories are studied in detail. The Coulomb branch Hilbert
series of the mirror theory can be matched with that of the Higgs branch of the
corresponding four dimensional theory, providing a non-trivial check of our proposal.
Moreover various deformations by mass and Fayet-Iliopoulos terms of such quiver
theories are investigated. The fact that several of them flow to expected theories also
gives another strong support for the proposal. Utilising the mirror quiver description,
we discover a new supersymmetry enhancement renormalisation group flow.
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1 Introduction
Three dimensional mirror symmetry [1] is one of the most important infrared (IR)
duality in supersymmetric quantum field theory. It relates a pair of theories with dif-
ferent descriptions by exchanging the Higgs and Coulomb branches of the theories in
– 1 –
question. Mirror symmetry is a powerful tool to study a reduction of superconformal
field theories (SCFTs) with eight supercharges in four, five and six dimensions on
a circle, a two-torus and a three-torus, respectively, to three dimensions. In several
cases, mirror theories of these resulting three dimensional theories admit Lagrangian
descriptions (see e.g. [2–17]). The latter allows for the study of a number of impor-
tant properties of those SCFTs in higher dimensions, such as the (enhanced) flavour
symmetry and the Higgs branch operators. For several 4d SCFTs, including theories
of class S and a number of theories of the Argyres-Douglas type [4, 18–20], quiver
descriptions of the corresponding 3d mirrors theories have been known for a long
time [2–4, 21, 22]. In [6, 23], for example, the precise flavour symmetry of a number
of 4d SCFTs was determined using the corresponding 3d mirror theory. In 5d and
6d, SCFTs may arise at the infinite coupling points of certain gauge theories [24–
29]. It is possible to use 3d mirror descriptions of the reduced theory to study extra
massless degrees of freedom emerging at infinite coupling, in comparison to those
at finite coupling, of the higher dimensional SCFTs [8–15, 30]. In many cases, it is
possible to realise the quiver description of the 3d mirror theory from a magnetic
phase of the brane system. Such a description of the 3d mirror theory is referred to
as a magnetic quiver [13–15, 31].
In this paper we are interested in the S1 reduction of 4d N = 2 theories of class
S involving twisted Aeven punctures. This type of 4d theories was proposed in [32,
Section 7.2] and was further explored in [33]. In particular, the twisted SU(2N + 1)
theory associated with a sphere with one minimal untwisted punture (labelled by
[2N, 1]) and two maximal twisted punctures (each of which is labelled by [12N ]t
1),
known as the R2,2N theory, was studied extensively in [33]. Each maximal twisted
puncture gives rise to an USp(2N) global symmetry, whereas the minimal puncture
gives rise to a U(1) global symmetry. The USp(2N)2 symmetry gets enhanced to
USp(4N), and the R2,2N theory has a global symmetry USp(4N) × U(1). In [34],
it was pointed out that the USp(2N) global symmetry carried by each maximal
twisted puncture as well as the enhanced USp(4N) flavour symmetry of the R2,2N
theory has a global Z2 anomaly, introduced by Witten [35]. The latter was shown
by turning on the mass term associated with the minimal untwisted puncture of
the class S description of the R2,2N theory. This flows to an IR free theory that is
described by the SO(2N + 1) gauge theory with 2N hypermultiplets in the vector
representation, where it is clear that USp(4N) flavour symmetry of this theory has
a Witten anomaly. In this sense, the R2,2N theory can be regarded as the ultraviolet
completion of the SO(2N + 1) gauge theory with 2N flavours. Let us briefly discuss
the brane configuration of the latter theory (see also [34, section 4]). This will turn
out to be useful for the construction of the theories studied in this paper.
1In this paper, we use the subscript t to indicate a twisted puncture, which is labelled by a
C-partition of 2N . A C-partition of an even number m is an integer partition of m which satisfies
the condition that any odd part must appear an even number of times.
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The SO(2N + 1) gauge theory with 2N flavours admits the Type IIA brane
realisation [36] involving an O4 plane, D4 branes and two half NS5 branes, with the
following configuration:2
1
2
NS5 1
2
NS5
N D4 N D4N D4
O˜4
+
O˜4
−
O˜4
+
USp(2N) SO(2N + 1) USp(2N)
(1.1)
There are N physical D4 branes stretched between two half NS5 branes on top of
the O˜4
−
plane, and on each half NS5 brane N physical semi-infinite D4 brane on
top of the O˜4
+
plane terminate. Note that the O4 plane changes sign every time it
crosses a half-NS5 brane. The SO(2N + 1) gauge group is realised on the D4 brane
segment on top of the O˜4
−
plane. The N flavours of hypermultiplets arise when two
stacks of N physical D4 branes end on a half NS5-brane from opposite sides. Indeed,
the worldvolume of each set of semi-infinite D4 branes on top of the O˜4
+
plane
realises a 5d USp(2N) symmetry with the discrete theta angle θ = pi controlled by
pi4(USp(2N)) = Z2 [37], which also controls the Witten anomaly on the 4d USp(2N)
symmetry. Since there are in total 2N flavours of hypermultiplets transforming under
the vector representation of SO(2N+1), the theory has a USp(4N) flavour symmetry.
As pointed out in [34], when the two half-NS5 branes are on top of each other,
the coupling of the SO(2N + 1) gauge group become infinite and this brane system
should realise the R2,2N theory. Indeed, the two half-NS5 branes becomes a full NS5
brane, corresponding to the minimal untwisted puncture, and the two semi-infinite
D4 branes on top of O˜4
+
on each side of the brane system corresponds to each
maximal twisted puncture. This picture provides a nice way of realising the Witten
anomaly carried by the maximal twisted puncture.
Our main interest is in the 3d mirror theories of the S1 reductions of the twisted
Aeven theories. We propose that they admit a quiver description that can be deter-
mined using the method of [2], with a simple modification. Before discussing such a
modification in detail, let us first briefly review the method of [2] for the untwisted
AN−1 theory associated with a sphere with punctures ρ1, ρ2 and ρ3. The 3d mirror
of the S1 reduction of such a theory can be described by a star-shaped quiver with 3
legs, where each leg is determined by the Tρ1(SU(N)), Tρ2(SU(N)) and Tρ3(SU(N))
theories [38], whose quiver is depicted in (A.6), with their U(N) flavour nodes being
commonly gauged as a central node. In this star-shaped quiver, an overall U(1) sym-
metry needs to be modded out and this can be done at the central node; in which
2Throughout the paper, we adopt the following notations. Each red node with a label N denotes
an SO(N) group, each blue node with an even label 2N denotes a USp(2N) group, and each
transparent node with a label m denotes a U(m) group. Each circular node denotes a gauge group
and each rectangular node denotes a flavour group.
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case the central node is taken to be U(N)/U(1). The theory of our interest is the
twisted A2N theory associated with a sphere with untwisted puncture ρ and twisted
punctures σt and λt. Here ρ is a partition of 2N + 1 and σ and λ are C-partitions
of 2N . We propose that the 3d mirror in question can obtained as follows:
1. We consider the following theories:
Tρ(SU(2N + 1)) , Tσ(USp
′(2N)) , Tλ(USp′(2N)) . (1.2)
The Tρ(SU(N)), as discussed in [38], has a brane configuration as a chain of
NS5 branes joined by D3 branes such that there are semi-infinite D3 branes
terminating on one of the outermost NS5 branes at one end. Its quiver is
depicted in (A.6). On the other hand, the Tσ(USp
′(2N)) is less-known in the
literature. It was introduced in [39] and the corresponding brane configuration
is similar to that of Tρ(SU(N)), except that an O3 plane is put into the brane
system such that the semi-infinite D3 branes are on top of the O˜3
+
plane. Note
that the O3 plane changes sign every time it crosses a half NS5 brane. As a
result, the quiver of Tσ(USp
′(2N)) contains alternating SO/USp gauge groups;
it is depicted in (A.26).
2. The USp(2N) symmetry from the flavour symmetry of the theories listed in
(1.2) are then gauged. It plays the role of the central gauge node in the star-
shaped quiver as mentioned in [2]. Note that in doing this, the USp(2N)
flavour node of Tσ(USp
′(2N)) and Tλ(USp′(2N)) turns into a gauge node in
the star-shaped quiver in a straightforward manner. However, the flavour node
of Tρ(SU(2N + 1)) is U(2N + 1) and we need to decompose the bifundamental
hypermultiplet between the U(2N + 1) flavour node and the gauge node next
to it, say U(p), into
• one hypermultiplet under the U(p) gauge group, and
• the bifundamental hypermultiplet between U(p)× USp(2N).
The latter USp(2N) symmetry is then gauged.
3. The resulting 3d mirror quiver is an ‘almost’ star-shaped quiver with the central
node being USp(2N) and with one flavour of the fundamental hypermultiplet
under the unitary group U(p) located next to the central USp(2N) node.
We present an example of the 3d mirror theory of the S1 reduction of the R2,2 theory,
which is also known as the C2U1 theory, in (2.41). The corresponding mirror theory
for R2,2N , for a general N , is given in (2.49). This can be easily generalised to other
theories of the same class, as demonstrated throughout the paper. A feature of
such mirror theories is that the quiver description contains unitary, symplectic and
orthogonal gauge groups.
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Let us briefly comment on the motivation for using the Tσ(USp
′(2N)). We have
seen from the aforementioned brane realisation of the R2,2N theory that the Witten
anomaly carried by the maximal twisted puncture can be realised on semi-infinite
D4 branes on top of the O˜4
+
plane. Upon reduction on S1, we expect that this
corresponds to semi-infinite D3 branes on top of the O˜3
+
plane. This indeed shows
up in the brane configuration of the Tσ(USp
′(2N)) as discussed above3. In this
paper, we demonstrate this proposal through a number of examples.
Recently there was an interesting proposal by Beem and Peelaers [40] in using
twisted A2N theories of class S, associated with a sphere with only regular punctures,
to a number of 4d SCFTs whose Coulomb branch generators have non-integer scaling
dimensions, i.e.those of the Argyres-Douglas type. It had been believed that this type
of the SCFTs can only be described by theories of class S with irregular punctures.
The results of [40] allow us to make progress beyond the R2,2N theory. In this paper,
we extensively use such results as a testing ground for our proposal for the 3d mirror
theories of the S1 reduction of twisted A2N theories. In particular, we heavily rely
on the observation that the Higgs branch of the 4d SCFT should match with the
Coulomb branch of the 3d mirror theory of its S1 reduction, and that the rank of the
4d SCFT (i.e. the complex dimension of the Coulomb branch) should match with
the quaternionic Higgs branch dimension of the corresponding mirror theory. For the
former, we match the Coulomb branch Hilbert series of the 3d mirror theory with
the Higgs branch Hilbert series of the 4d theory. We also study the Higgs branch
Hilbert series of the mirror theory in detail. In some cases, there are more than one
description of the mirror theory for a given 4d SCFT. The Hilbert series between
those mirror theories are matched and we conjecture that they are dual to each
other. In this way, we obtain new dual pairs between 3d N = 4 gauge theories that
have not be studied elsewhere in the literature. Moreover, we study deformations of
some of the proposed mirror theories by mass and Fayet-Iliopoulos (FI) terms. We
find that several theories flow to an expected theory and this provides a highly non-
trivial check of our proposal. We also discover a new supersymmetry enhancement
renormalisation group flow from the T˜3 theory [40] (or the T (2)A2,2 theory [41]) to the
SO(4) super-Yang-Mills utilising the mirror description of the former.
The paper is organised as follows. In section 2, we study the mirror theories of
the circle reduction of the twisted A2 theories associated with a sphere with three
punctures. The derivation of the mirror theories and the Hilbert series calculations
are spell out explicitly, especially in the first two subsections. In section 3, defor-
mations by mass and FI terms of the mirrors of the circle reduction of some models
studied in section 2. In section 4, we discuss mirror theories associated with the
T2, 3
2
, 3
2
and T3,2, 3
2
, 3
2
theories, described by twisted A2 theories with four punctures. In
3In fact, we remark that the 3d N = 4 SO(2N+1) gauge theory with 2N flavours can be written
as T[N2](USp
′(2N)).
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section 5, we discuss the generalisation of the results for the A2 case to the A2N case.
We conclude the paper in section 6.
2 Twisted A2 trinions
Let us begin by examining the circle reduction of the twisted A2 theories associated
with a sphere with three punctures.
2.1 Two copies of the (A1, D4) theory
The class S description of this theory was proposed in [40] and was referred to as
Theory 5 in that reference. It can be constructed by compactifying 6d (2,0) theory
of the type A2 on a sphere with the following punctures:
[13] , [2]t , [2]t (2.1)
where the subscript t indicates the twisted puncture. Upon compactifying this theory
on S1, it is expected that the 3d mirror of the resulting theory can be constructed
by adapting the prescription proposed in [2]. In particular, we conjecture that such
a mirror theory admits a ‘star-shaped’ quiver description constructed by ‘gluing’
together the following theories:
T[13](SU(3)) : (U(1))− (U(2))− [U(3)]
T[2](USp
′(2)) : (SO(1))− [USp(2)]
T[2](USp
′(2)) : (SO(1))− [USp(2)]
(2.2)
By gluing, we mean gauging the common symmetry USp(2) of the above theories,
whereby it is the central node of the star-shaped quiver. Since U(1) is the commutant
of USp(2) in U(3), we should split the part (U(2)) − [U(3)] of T[13](SU(3)) into
[U(1)]− (U(2))− [USp(2)]. Gluing together the above theory along USp(2) results
in the following mirror theory
1 2 2 1
1 1
(2.3)
Note that each of the two red circular nodes denotes the SO(1) group, and so the
corresponding gauge symmetry is trivial. We can therefore rewrite this quiver as
1 2 2 2
1
(2.4)
– 6 –
where the rightmost red square node denotes the SO(2) flavour symmetry.
In the following, we discuss about the Coulomb and Higgs branches of the mirror
theory (2.3) or (2.4). Since upon compactification on S1 the Higgs branch of the 4d
theory is expected to be the same as that of the resulting 3d theory, it follows that
the Coulomb branch of the mirror theory should match with the Higgs branch of the
4d theory, namely the product of two copies of the closure of the minimal nilpotent
orbit minSU(3) of SU(3). Moreover, since the circle compactification of the (A1, D4)
theory is identified with 3d N = 4 U(1) gauge theory with 3 flavours (see e.g. [4]), we
expect that the Higgs branch of the mirror theory (2.3) or (2.4) should be (C2/Z3)2.
Let us first comment on the enhanced Coulomb branch symmetry of quiver (2.4)
along the line of [38]. Observe that the U(1) and U(2) gauge nodes in (2.4) are bal-
anced. As a consequence, one expects an SU(3) enhanced symmetry in the IR. Since
the USp(2) gauge node is also balanced, according to [38, section 5.3], this SU(3)
symmetry gets doubled and so the symmetry of the Coulomb branch is expected to
be SU(3) × SU(3). This is in agreement with the symmetry of (minSU(3))2. Subse-
quently we confirm such an enhanced symmetry using the Coulomb branch Hilbert
series.
The quaternionic dimension Coulomb branch of (2.3) or (2.4) is
dimH C[(2.3) or (2.4)] = 1 + 2 + 1 = 4 . (2.5)
This agrees with the dimension of the Higgs branch of the 4d N = 2 theory, given
by 24(c − a) = 24 (4
3
− 7
6
)
= 4, where a and c are the conformal anomalies given in
(3.65) of [40]. In particular, this is equal to the dimension of
(
minSU(3)
)2
. On the
other hand, the quaternionic dimension of the Higgs branch of (2.3) or (2.4) is
dimHH[(2.3) or (2.4)] = 2 + 2 + 4 + 1
2
(2× 2)− (1 + 4 + 3) = 2 . (2.6)
This is in agreement with the fact that the S1 compactification of two copies of rank-
one (A1, D4) yields a 3d theory with two quaternionic dimensional Coulomb branch,
whose mirror theory has two quaternionic dimensional Higgs branch. In particular,
this is equal to the dimension of (C2/Z3)
2
Let us now study the Coulomb and Higgs branches of the mirror theory in
detail using the Hilbert series. For the Coulomb branch, we present two methods
in computing the Hilbert series, namely the monopole formula [42] and the Hall-
Littlewood formula [43, 44]. For the Higgs branch, the Hilbert series can be computed
using the Molien integral in the usual way [45] (see also [46]).
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The Coulomb branch Hilbert series
The Coulomb branch Hilbert series computed from the monopole formula [42] reads
HmonC [(2.3) or (2.4)](t;w1, w2) =∑
m∈Z
∑
n1≥n2>−∞
∞∑
a=0
t2∆(m,n,a)PU(1)(t;m)PU(2)(t;n)PUSp(2)(t; a)w
m
1 w
n1+n2
2 ,
(2.7)
where we denote by m, n = (n1, n2) and a the magnetic fluxes associated with the
gauge group U(1), U(2) and USp(2) respectively; the function ∆(m,n, a) is the
dimension of the monopole operator with magnetic fluxes (m,n, a)
∆(m,n, a) =
1
2
2∑
i=1
[
|m− ni|+ |ni|+ (|ni + a|+ |ni − a|)
]
+
1
2
· 1
2
(2|a|+ 2| − a|)− |n1 − n2| − |a− (−a)| ;
(2.8)
and the dressing factors are given by
PU(1)(t;m) = (1− t2)−1
PU(2)(t;n) =
{
(1− t2)−2 if n1 6= n2
(1− t2)−1(1− t4)−1 if n1 = n2
PUSp(2)(t; a) =
{
(1− t2)−1 if a 6= 0
(1− t4)−1 if a = 0 .
(2.9)
The variables w1 and w2 are the topological fugacities associated with the U(1) and
U(2) gauge group, respectively. Note that we turn off the background magnetic flux
for the flavour symmetry in the above expression. Upon computing the summation,
we may rewrite (2.7) as4
HmonC [(2.3) or (2.4)](t;w1, w2) =
[ ∞∑
k=0
χ
SU(3)
[k,k] (w1, w2)t
2k
]2
. (2.10)
Note that the quantity in the square bracket is the Hilbert series of the closure of
the minimal nilpotent orbit minSU(3) of SU(3) [46]. This result also agrees with
the Hall-Littlewood limit q → 0 of the Macdonald index (3.66) of [40]. It can be
seen that the topological symmetry U(1) × U(1), associated with the fugacities w1
and w2, gets enhanced to SU(3). Note, however, that this SU(3) symmetry can
4In this notation, the adjoint representation of SU(3) is written as χ
SU(3)
[1,1] (w1, w2) = 2 + w1 +
w−11 + w2 + w
−1
2 + w1w2 + w
−1
1 w
−1
2 . In the convention where the fundamental representation of
SU(3) is written as χ
SU(3)
[1,0] (x1, x2) = x1 + x2x
−1
1 + x
−1
2 , this amounts to the change of variables
w1 = x1x
−2
2 and w2 = x2x
−2
1 .
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be identified as the diagonal subgroup of SU(3) × SU(3), which is an isometry of
the product
(
minSU(3)
)2
and is also full flavour symmetry of the 4d N = 2 theory.
Indeed, the mirror theory (2.3) or (2.4) only allows for the refinement of such a
diagonal subgroup in the Coulomb branch Hilbert series (2.7), and the rest of the
full symmetry is ‘hidden’ in the part of quiver (2.4) containing the USp(2) gauge
group in the same way as [47]. A similar observation was made in the context of the
punctures of the trinion in the class S description of the 4d theory; see the discussion
below (3.67) in [40].
Let us now discuss the Hall-Littlewood formula for computing the Coulomb
branch Hilbert series. It reads
HHLC [(2.3) or (2.4)](t; y1, y2, y3) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×HC[T[13](SU(3))](t; y1, y2, y3; a, 0,−a)
HC[T[2](USp′(2))](t; a)HC[T[2](USp′(2))](t; a) ,
(2.11)
where the expression for each of the above Coulomb branch Hilbert series is given in
Appendix A. We find that
HHLC [(2.3) or (2.4)](t;w1, w
−1
2 , 1) = H
mon
C [(2.3) or (2.4)](t;w1, w2) = (2.10) . (2.12)
One of the advantages of the Hall-Littlewood formula (2.11) is that one only needs
the information about the partitions, corresponding to the punctures of the 4d theory
of class S, and not the detailed information about the quiver of the 3d mirror theory.
Moreover, this formula takes the same form as the TQFT’s structure constant of the
Macdonald index [48–53] of the 4d theory; see (2.9) of [40].
The Higgs branch Hilbert series
The Higgs branch Hilbert series reads
HH[(2.4)](t;x, y)
=
∮
|u|=1
du
2piiu
∮
|q|=1
dq
2piiq
∮
|z|=1
dz
2piiz
(1− z2)
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [2]q,z](t;u, q, z) HH[[1]x − [2]q,z](t;x, q, z)×
HH[[2]q,z − [USp(2)]v](t; q, z, v)×
HH[[USp(2)]v − [SO(2)]y](t; v, y)×
PE
[−2t2 − (z2 + 1 + z−2)t2 − (v2 + 1 + v−2)t2] ,
(2.13)
– 9 –
where where PE denotes the plethystic exponential5; x and y are fugacities for the
U(1) and the SO(2) flavour symmetries respectively; and
HH[[1]u − [2]q,z](t, u, q, z) = PE
[
t(uq−1 + u−1q)(z + z−1)
]
HH[[2]q,z − [USp(2)]v](t, q, z, v) = PE
[
t(q−1 + q)(z + z−1)(v + v−1)
]
HH[[USp(2)]v − [SO(2)]y](t, v, y) = PE
[
t(v + v−1)(y + y−1)
]
.
(2.14)
Evaluating the integrals, we obtain the Hilbert series of (C2/Z3)2 as expected:
HH[(2.4)](t;x, y) = H[C2/Z3](t;xy)H[C2/Z3](t;xy−1) (2.15)
where H[C2/Z3](t;w) is the Hilbert series of C2/Z3 given by
H[C2/Z3](t;w) = PE
[
t2 + t3(w + w−1)− t6] . (2.16)
We emphasise that the SO(2) symmetry in quiver (2.4) arises due to the proposal
that each red circular node in quiver (2.3) is in fact SO(1), and not O(1). This
proposal is justified by the above Higgs branch Hilbert series, since it reproduces the
Hilbert series of (C2/Z3)2 correctly. Note that if each red circular node in quiver (2.3)
were taken to be O(1), the quantities that carry fugacity t3(xy−1+x−1y), for example,
are not invariant under the O(1) gauge symmetry6. This is also a justification to
take the red circular nodes in quiver (A.26) to be of the special orthogonal type.
2.2 The (A1, D4) theory with a free hypermultiplet
The class S description of this theory was proposed in [40] and was referred to as
Theory 4 in that reference. It can be constructed by compactifying 6d (2,0) theory
of the type A2 on a sphere with the following punctures:
[2, 1] , [12]t , [2]t . (2.18)
where the subscript t denotes the twisted puncture. The mirror of the 3d theory
arising from compactifying such a 4d theory on a circle admits a ‘star-shaped’ quiver
5The plethystic exponential of a multivariate function f(t1, ..., tn) that vanishes at the origin is
defined as PE [f(t1, t2, . . . , tn)] = exp
(∑∞
k=1
1
kf(t
k
1 , · · · , tkn)
)
. For instance PE[ntm] = (1− tm)−n.
6In this case, we would have to replace the factor HH[[USp(2)]− [SO(2)]](t, z, y) by the square
of the Higgs branch Hilbert series of [USp(2)] − (O(1)). The latter is the Hilbert series of C2/Z2;
see (3.32) of [46]:
HH[[USp(2)]− (O(1))](t; z) = PE[t2(z2 + 1 + z−2)− t4] . (2.17)
The result is no longer the Hilbert series of (C2/Z3)2. In particular, there is no generator of the
Higgs branch at order t3.
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description constructed by gauging the common USp(2) symmetry of the following
theories [2]:
T[2,1](SU(3)) : (U(1))− [U(3)]
T[12](USp
′(2)) : (SO(3))− [USp(2)]
T[2](USp
′(2)) : (SO(1))− [USp(2)]
(2.19)
where USp(2) plays the role of the central node of the star-shaped quiver. Since
U(1) is the commutant of USp(2) in U(3), we need to first rewrite the quiver for
T[2,1](SU(3)) as [U(1)]− (U(1))− [USp(2)] and then gauge the USp(2) group. The
3d mirror theory in question is then
1 2 1
1 3
(2.20)
As we have proposed and justified in the previous subsection, the rightmost red
circular node with the label 1 denotes the SO(1) group, and the corresponding gauge
symmetry is trivial. The line connecting it with the blue node thus denotes a half-
hypermultiplet in the fundamental representation of the USp(2) gauge group. In
the following we study the Coulomb and Higgs branches of (2.20). Since the Higgs
branch of the 4d theory is C2×minSU(3), we expect that the Coulomb branch of the
3d mirror theory (2.20) is isomorphic to this space also. Moreover, similarly to the
previous subsection, we also expect that the Higgs branch of (2.20) is isomorphic to
C2/Z3. Due to these properties of the moduli space, we also conjecture that theory
(2.20) is dual to the following quiver [54–56]:
1 1
1
1
(2.21)
Note that the mirror of this quiver is the well-known ADHM gauge theory for one
SU(3) instanton on C2, namely the U(1) gauge theory with one adjoint and three
fundamental hypermultiplets [54–56]:
1 3 (2.22)
The Coulomb branch of (2.20) is 1 + 1 + 1 = 3 quaternionic dimensional; this
is in agreement with that of C2 ×minSU(3). On the other hand, the computation of
the Higgs branch dimension of (2.20) is more subtle than the previous subsection,
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since the SO(3) gauge group is not completely broken at a generic point on the
hypermultiplet moduli space. In fact, it was argued in Footnote 7 of [39] that the
Higgs branch of the theory (SO(3)) − [USp(2)] is the equal to that of (O(1)) −
[USp(2)]; the latter turns out to be C2/Z2, which is one quaternionic dimensional.
The quaternionic Higgs branch dimension of (2.20) is therefore (1 × 1) + (1 × 2) +
1
2
(2× 1) + 1− (1 + 3) = 1, which is equal to that of C2/Z3. In the following we study
both branches of the moduli space in more detail using the Hilbert series.
The Coulomb branch Hilbert series
Since the SO(3) gauge group in (2.20) has only one flavour of the hypermultiplet
transforming under the vector representation, this renders quiver (2.20) a bad theory
in the sense of [38]. In this case, the monopole formula diverges due to the presence
of the monopole operators whose dimension is zero. Nevertheless, it is possible to
compute the Coulomb branch Hilbert series using the Hall-Littlewood formula. This
reads
HC[(2.20)](t;x1, x2, y) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×HC[T[2,1](SU(3))](t;x1, x2; a, 0,−a)
HC[T[12](USp
′(2))](t; y; a)HC[T[2](USp′(2))](t; a) ,
(2.23)
where the expression for each of the above Coulomb branch Hilbert series is given in
Appendix A, and the fugacities x1, x2 have to satisfy the constraint (A.11):
x21x2 = 1 . (2.24)
Evaluating the summation, we obtain
HC[(2.20)](t;x1, x2, y) = PE
[
(y + y−1)t
]× [ ∞∑
k=0
χ
SU(3)
[k,k] (u)t
2k
]
(2.25)
where in this notation the character of the adjoint representation [1, 1] of SU(3) is
written as
χ
SU(3)
[1,1] (u) = u1u2 +
u21
u2
+
u1
u22
+
1
u1u2
+
u2
u21
+
u22
u1
+ 2 , (2.26)
with
u1 = (x1x
−1
2 )
1
3y , u2 = (x
−1
1 x2)
1
3y . (2.27)
The Hilbert series (2.25) is indeed that of C2 × minSU(3). Note that the free hy-
permultiplet arises from the (SO(3)) − [USp(2)] part of the quiver. The can be
seen from the the fact that the fugacity y associated with the SU(2) symmetry of
C2, parametrised by the expectation values of the free hypermultiplet, comes from
the factor HC[T[12](USp′(2))] in the Hall-Littlewood formula. It is worth pointing out
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that this SU(2) is not manifest in the description T[12](USp
′(2)) : (SO(3))− [USp(2)]
but is enhanced in the IR; the reason for this is that the theory is self-mirror and
that its flavour symmetry is SU(2). Similarly, the SU(3) symmetry of the space
minSU(3) is also not manifest in quiver (2.20) and is enhanced in the IR. As can be
seen from (2.27), the generators of the Cartan subalgebra of this SU(3) symmetry
is a linear combination of the generator of the Cartan subalgebra of SU(2), which is
the symmetry of C2, and a generator of the U(1) topological symmetry in (2.20).
The Higgs branch Hilbert series
The Higgs branch Hilbert series can be computed as follows:
HH[(2.20)](t;w) =
∮
|u|=1
du
2piiu
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [1]w](t;u,w)HH[[1]u − [USp(2)]v](t;u, v)×
HH[[USp(2)]v − (SO(3))](t; v)×
HH[[USp(2)]v − (SO(1))](t; v)×
PE
[−t2 − (v2 + 1 + v−2)t2] ,
(2.28)
where
HH[[1]u − [1]w](t;u,w) = PE
[
(uw−1 + u−1w)t
]
HH[[1]u − [USp(2)]v](t;u, v) = PE
[
(u+ u−1)(v + v−1)t
]
HH[[USp(2)]v − (SO(3))](t; v) = H[C2/Z2](t; v) = PE[t2(v2 + 1 + v−2)− t4]
HH[[USp(2)]v − (SO(1))](t; v) = PE[(v + v−1)t]
(2.29)
Note that, in the third line, we have used the fact, which has been discussed ear-
lier, that Higgs branch of the theory (SO(3)) − [USp(2)] is isomorphic to C2/Z2.
Evaluating the integrals, we obtain the Hilbert series of C2/Z3 as expected:
HH[(2.20)](t;w) = H[C2/Z3](t;w) = PE
[
t2 + t3(w + w−1)− t6] . (2.30)
2.3 The rank-two SU(3) instanton SCFT
This 4d SCFT was studied extensively in [23], where it was dubbed TX7. The class S
description of this theory was recently proposed in [40] and was referred to as Theory
3 or T (2)SU(3) in that reference. It can be constructed by compactifying 6d (2,0) theory
of the type A2 on a sphere with the following punctures:
[13] , [12]t , [2]t . (2.31)
7In fact, in [6, 23], the authors studied the T3, 32 theory, which flows to a free hypermultiplet and
the interacting SCFT called TX . The Higgs branch of the T3, 32 theory is the full moduli space of
two SU(3) instantons on C2, which also includes the C2 factor due to the centre of the instantons.
Upon decoupling the free hypermultiplet, the Higgs branch of the TX theory is identified with the
reduced instanton moduli space.
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where the subscript t denotes the twisted puncture. The mirror of the 3d theory
arising from compactifying such a 4d theory on a circle can constructed by gauging
the common USp(2) symmetry of the following theories:
T[13](SU(3)) : (U(1))− (U(2)− [U(3)]
T[12](USp
′(2)) : (SO(3))− [USp(2)]
T[2](USp
′(2)) : (SO(1))− [USp(2)]
(2.32)
where USp(2) plays the role of the central node of the star-shaped quiver. Similarly
to the preceding subsections, the 3d mirror theory in question is then
1 2 2 1
1 3
(2.33)
In the following we study the Coulomb and Higgs branches of (2.33). The ADHM
gauge theory of the moduli space of two SU(3) instantons on C2 is the U(2) gauge
theory with one adjoint and three fundamental hypermultiplets:
2 3 (2.34)
The Higgs branch of (2.34) is C2 × M˜2,SU(3), where M˜2,SU(3) is the reduced (or
centred) moduli space of two SU(3) instantons on C2, and the Coulomb branch of
(2.34) is the second symmetric power of C2/Z3 [54, 57], denoted by Sym2(C2/Z3).
We thus expect that the Coulomb branch of theory (2.33) is isomorphic to M˜2,SU(3)
and that the Higgs branch of (2.33) is isomorphic to Sym2(C2/Z3). Below we show
that these are indeed the case.
The Coulomb branch of (2.33) is 1+2+1+1 = 5 quaternionic dimensional; this is
in agreement with that of M˜2,SU(3). On the other hand, the computation of the Higgs
branch of (2.33) can be performed similarly to the previous subsection, i.e. by noting
that the Higgs branch of the theory (SO(3)) − [USp(2)] is the equal to C2/Z2 [39,
Footnote 7], which is one quaternionic dimensional. The quaternionic Higgs branch
dimension of (2.33) is therefore (1×2)+(2×1)+(2×2)+ 1
2
(2×1)+1−(1+4+3) = 2,
which is equal to that of Sym2(C2/Z3). In the following we study both branches of
the moduli space in more detail using the Hilbert series.
We now discuss the Coulomb branch. Since the SO(3) gauge group has one
flavour transforming under its vector representation, the theory is ‘bad’. As a result,
the monopole formula diverges. However, as in the previous subsection, we can use
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the Hall-Littlewood formula to compute the Coulomb branch Hilbert series
HC[(2.33)](t;x1, x2, x3, y) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×HC[T[13](SU(3))](t;x1, x2, x3; a, 0,−a)
HC[T[12](USp
′(2))](t; y; a)HC[T[2](USp′(2))](t; a) ,
(2.35)
where the expression for each of the above Coulomb branch Hilbert series is given in
Appendix A, and the fugacities x1, x2, x3 have to satisfy the constraint (A.11):
x1x2x3 = 1 . (2.36)
Evaluating the summation, we obtain the Hilbert series of M˜2,SU(3) (see [57, (3.23)]):
HC[(2.33)](t;x1, x2, x3, y)
= PE
[(
χ
SU(3)
[1,1] (x) + χ
SU(2)
[2] (y)
)
t2 +
(
χ
SU(3)
[1,1] (x)χ
SU(2)
[1] (y)
)
t3 − t4 + . . .
]
.
(2.37)
Let us now turn to the Higgs branch. The Higgs branch Hilbert series is given
by
HH[(2.33)](t;x)
=
∮
|u|=1
du
2piiu
∮
|q|=1
dq
2piiq
∮
|z|=1
dz
2piiz
(1− z2)
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [2]q,z](t;u, q, z) HH[[1]x − [2]q,z](t;x, q, z)
HH[[2]q,z − [USp(2)]v](t; q, z, v)×
HH[[USp(2)]v − (SO(3))](t; v)×
HH[[USp(2)]v − (SO(1))](t; v)×
PE
[−2t2 − (z2 + 1 + z−2)t2 − (v2 + 1 + v−2)t2] ,
(2.38)
where the notations are as described in (2.14) and (2.29). Evaluating the integrals,
we find that
HH[(2.33)](t;x) =
1
2
[(
H[C2/Z3](t;x)
)2
+H[C2/Z3](t2;x2)
]
(2.39)
where the Hilbert series of C2/Z3 is given by (2.16). This is indeed the Hilbert series
of Sym2(C2/Z3).
2.4 The R2,2N theory
The class S description of the 4d R2,2N SCFT was proposed in [33]. This is a twisted
A2N theory associated with a sphere with punctures:
[2N, 1] , [12N ]t , [1
2N ]t . (2.40)
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Let us first focus on the case of N = 1. This theory is also referred to as the
C2U1 theory in the literature and it corresponds to Theory 2 in [40]. Following the
procedures described in the previous subsections, we obtain the following 3d mirror
theory upon reducing this theory on S1:
1 2 3
1 3
(2.41)
The Coulomb branch of (2.41) is 1 + 1 + 1 + 1 = 4 quaternionic dimensional, in
agreement with the Higgs branch dimension of the 4d theory which is equal to 24(c−
a) = 24
(
19
12
− 17
12
)
= 4, where a = 17
12
and c = 19
12
are the conformal anomalies of
the 4d theory [33]. The quaternionic dimension of the Higgs branch of (2.41) is
(1× 1) + (1× 2) + 1 + 1− (1 + 3) = 1, which is in agreement with the fact that the
C2U1 theory is a rank-one 4d theory. In the following, we use the Hilbert series to
show that this Higgs branch is in fact isomorphic to C2/Z6.
We remark that the S1 reduction of the C2U1 theory has recently been investi-
gated in [17] using a different approach. In that reference, the theory in question was
studied using the magnetic quiver with a non-simply laced edge depicted in [17, Table
2]. We will see that the Coulomb branch Hilbert series computed in that reference
is in agreement with ours.
The Coulomb branch Hilbert series
The Coulomb branch Hilbert series is given by the following Hall-Littlewood formula:
HC[(2.41)](t;x1, x2, y, z) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×HC[T[2,1](SU(3))](t;x1, x2; a, 0,−a)
HC[T[12](USp
′(2))](t; y; a)HC[T[12](USp
′(2))](t; z; a) ,
(2.42)
where the expression for each of the above Coulomb branch Hilbert series is given in
Appendix A and the fugacities x1, x2 satisfy the relation (A.11):
x21x2 = 1 . (2.43)
This Hilbert series can be written concisely in a closed form in terms of the highest
weight generating function (HWG) [58] as
HWG [HC[(2.41)]] = PE
[
t2(1 + µ21) + t
3(w + w−1)µ2 + t4µ22 − t6µ22
]
. (2.44)
where, upon computing the power series of this expression in t, µp11 µ
p2
2 denotes the
representation [p1, p2], whose character written in terms of y and z, of USp(4). Here
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w is the fugacity for the U(1) symmetry which can be written in terms of x1, x2 as
w = x2x
−1
1 . (2.45)
The highest weight generating function (2.44) is indeed in agreement with that pre-
sented in [17, Table 11, row 3 with n = 2].
As can be seen from the coefficient of the orer t2, the symmetry of the Coulomb
branch is indeed USp(4)×U(1). Note that, in this notation, the adjoint representa-
tion [2, 0] of USp(4) can be written as
χ
USp(4)
[2,0] (u) =
u21
u2
+
u21
u22
+ u21 +
u22
u21
+
u2
u21
+ u2 +
1
u21
+
1
u2
+ 2 (2.46)
with u1 = y and u2 = yz. Recalling that the T[12](USp
′(2)) theory is self-mirror, we
expect the Coulomb branch symmetry of the two copies of it appearing in the quiver
(2.41) to get enhanced in the IR to SU(2)× SU(2), corresponding to the fugacities
y and z. From the above computation we see that this SU(2) × SU(2) symmetry
is, in fact, further enhanced to USp(4). Setting w = 1, y = 1, z = 1, we obtain the
unrefined Hilbert series, as presented below Eq. (3) in [33] with τ = t2 and [17, Table
3, row 3]. The plethystic logarithm of the Hilbert series (2.42) can be obtain from
the argument inside the PE in Eq. (3.30) of [40]8 by taking the limit q → 0 of that
expression. The generators of the moduli space and their relations were analysed in
that reference.
The Higgs branch Hilbert series
The Higgs branch Hilbert series can be computed as follows:
HH[(2.41)](t;w) =
∮
|u|=1
du
2piiu
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [1]w](t;u,w)HH[[1]u − [USp(2)]v](t;u, v)×
HH[[USp(2)]v − (SO(3))](t; v)×
HH[[USp(2)]v − (SO(3))](t; v)×
PE
[−t2 − (v2 + 1 + v−2)t2] ,
(2.47)
where the notations are as in (2.29). Evaluating the integrals, we obtain the Hilbert
series of C2/Z6:
HH[(2.41)](t;w) = PE
[
t2 + (w + w−1)t6 − t12] = H[C2/Z6](t;w) . (2.48)
The appearance of C2/Z6 can be understood by considering the S-fold realization
of the C2U1 theory [59]: In the F-theory context this model arises by probing with a
8Note that the notation in [40] can be mapped to ours as follows: tthere = t
2
ours and a
3 = w.
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D3 brane a background which is obtained by combining a 7-brane of type H2 with
a Z2 S-fold action whose effect is to act as a sign flip on the Coulomb branch of
the H2 (or (A1, D4)) theory resulting in a IV
∗ geometry. Upon reduction to three
dimensions the Coulomb branch of the (A1, D4) theory becomes the hyperkahler
singularity C2/Z3 as we have seen before. We should then expect the Z2 S-fold to
act on this geometry, resulting therefore in a C2/Z6 singularity.
Mirror of the S1 reduction of the R2,2N theory
We propose that the 3d mirror theory in question is
2N + 12N − 2· · ·23 2N 2N + 1 2N − 2 · · · 2 3
1
1
(2.49)
Note that the Coulomb branch of this quiver is 2N2+N+1 quaternionic dimensional,
where we have used the fact that the Coulomb branch of TUSp′(2N) is N
2 dimensional.
This is in agreement with the Higgs branch dimension of the 4d theory which can
be computed from 24(c − a) = 2N2 + N + 1, where the conformal anomalies are
a = 14N
2+19N+1
24
and c = 8N
2+10N+1
12
[33]. On the other hand, the Higgs branch of
quiver (2.49) is 2N2 +2N +1− 1
2
(2N)(2N +1)−1 = N , where we have used the fact
that the Higgs branch of TUSp′(2N) is also N
2 dimensional. This result is in agreement
with the fact that the R2,2N theory has rank N .
Again, we remark that there is an alternative description of the mirror theory in
terms of a non-simply-laced quiver. This, together with the corresponding highest
weight generating function, were given in [17, Table 11, row 3], with n = 2N .
2.5 The T˜3 or T (2)A2,2 theory
This theory was proposed and studied in [40]. It also recently appeared in [41] where
it was called T (2)A2,2. It has the class S description as a twisted A2 theory associated
with the sphere with punctures
[13] , [12]t , [1
2]t . (2.50)
Following the procedure described in the previous subsections, we obtain the fol-
lowing quiver description of the 3d mirror theory of the compactification of T˜3 on
S1:
1 2 2 3
1 3
(2.51)
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The Coulomb branch of (2.52) is 1 + 2 + 1 + 1 + 1 = 6 quaternionic dimensional,
in agreement with the Higgs branch dimension of the 4d theory which is equal to
24(c− a) = 24 (3− 11
4
)
= 6, where a = 11
4
and c = 3 are the conformal anomalies of
the 4d theory, as given in (3.1) of [40]. On the other hand, the Higgs branch of (2.41)
is (1× 2) + (2× 1) + (2× 2) + 1 + 1− (1 + 4 + 3) = 2, which is in agreement with
the claim in [40] that T˜3 is a rank-two theory. Again, in this computation, we have
used the fact that the SO(3) gauge theory with one flavour has the Higgs branch
isomorphic to C2/Z2, which is one quaternionic dimensional [39]. In the following,
we investigate both branches in more detail using the Hilbert series.
As in the previous subsection, the Coulomb branch Hilbert series can be com-
puted using the Hall-Littlewood formula:
HC[(2.52)](t;x1, x2, x3, y, z) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×HC[T[13](SU(3))](t;x1, x2, x3; a, 0,−a)
HC[T[12](USp
′(2))](t; y; a)HC[T[12](USp
′(2))](t; z; a) ,
(2.52)
where the expression for each of the above Coulomb branch Hilbert series is given in
Appendix A and the fugacities x1, x2, x3 have to satisfy the constraint (A.11):
x1x2x3 = 1 . (2.53)
The highest weight generating function of the Coulomb branch Hilbert series up to
t12 is
PE
[
t2
(
µ1µ2 + ν
2 + σ2
)
+ t4 (µ1µ2νσ + µ1µ2 + 1)
+ t6
(
µ31νσ + µ1µ2νσ + µ
3
2νσ + µ
3
1 + µ
3
2
)
+ t8
(
µ31νσ + µ
3
2νσ
)− t10 (µ41µ2νσ + µ1µ42νσ)
− t12(µ41µ2ν2σ2 + µ31µ32ν2σ2 + µ21µ22ν2σ2 + µ1µ42ν2σ2 + µ41µ2νσ
+ 2µ31µ
3
2νσ + µ1µ
4
2νσ + µ
3
2µ
3
1) + . . .
]
(2.54)
where, upon computing the power series of this expression in t, µp11 µ
p2
2 ν
rσs denotes the
representation [p1, p2; r; s], whose character can be written as χ
SU(3)
[p1,p2]
(x)χ
SU(2)
[r] (y)χ
SU(2)
[s] (z),
of SU(3)× SU(2)× SU(2). This is indeed the symmetry of the Coulomb branch of
the theory. The plethystic logarithm of the Hilbert series (2.52) can be obtain from
the argument inside the PE in Eq. (3.3) of [40] by taking the limit q → 0 of that
expression. The generators of the moduli space and their relations were analysed in
that reference.
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Now let us examine the Higgs branch. The Hilbert series can be computed in a
similar way to the previous subsection; it is given by
HH[(2.52)](t;x) =
∮
|u|=1
du
2piiu
∮
|q|=1
dq
2piiq
×∮
|z|=1
dz
2piiz
(1− z2)
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [2]q,z](t;u, q, z) HH[[1]x − [2]q,z](t;x, q, z)×
HH[[2]q,z − [USp(2)]v](t; q, z, v)×
HH[[USp(2)]v − (SO(3))](t; v)×
HH[[USp(2)]v − (SO(3))](t; v)×
PE
[−2t2 − (z2 + 1 + z−2)t2 − (v2 + 1 + v−2)t2] ,
(2.55)
where the notations are as described in (2.14) and (2.29). Here x is the fugacity of
the U(1) flavour symmetry. This can be evaluated and has the following closed form:
HH[(2.52)](t;x)
=
1
(1− t3x)2(1− t3x−1)2(1 + t3x)2(1 + t3x−1)2×[
1 + t2 + 2t4 + 3t6 + (5 + x2 + x−2)t8 + (6 + x2 + x−2)t10
+ (5 + x2 + x−2)t12 + . . . (palindrome) . . .+ t20
]
.
(2.56)
Setting x = 1, we obtain the following unrefined Hilbert series:
HH[(2.52)](t;x = 1) =
1− t2 + t4 + 2t6 + t8 − t10 + t12
(1− t)4(1 + t)4 (1− t+ t2)2 (1 + t+ t2)2 , (2.57)
where the order of the pole at t = 1 confirms that the Higgs branch is 4 complex
dimensional, or equivalently 2 quaternionic dimensional as expected. The plethystic
logarithm9 of the Hilbert series (2.56) is
PL [HH[(2.52)](t;x)] = t2 + t4 + t6
(
2x2 +
2
x2
+ 1
)
+ t8
(
x2 +
1
x2
+ 1
)
− t12
(
x2 +
1
x2
+ 4
)
− t14
(
2x2 +
2
x2
+ 4
)
− t16
(
x4 +
1
x4
+ x2 +
1
x2
+ 2
)
+ . . . .
(2.58)
9The plethystic logarithm of a multi-variate function f(x1, . . . , xn) such that f(0, . . . , 0) = 1 is
PL[f(x1, . . . , xn)] =
∞∑
k=1
1
k
µ(k) log f(xk1 , . . . , x
k
n) .
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3 Mass deformations and Fayet-Iliopoulos terms
In this section, we study the deformations by mass and Fayet-Iliopoulous (FI) terms
of certain theories discussed in the previous section and investigate the end point of
the RG flow. It will be seen that this provides a highly non-trivial test of the quiver
descriptions of the 3d mirror theories in this paper. As a byproduct we will predict
that the T˜3 theory can be mass-deformed to N = 4 SYM with gauge group SO(4).
3.1 Mass deformation of the C2U1 theory
A further test one can consider for the proposed 3d mirror (2.41) of the C2U1 theory is
given by the analysis of mass deformations. We can activate a mass deformation for
the U(1) symmetry by turning on a FI parameter at the abelian node in the 3d mirror.
The equations of motion are satisfied by activating a vev for the U(1)gauge×U(1)flavour
bifundamental. This has the effect of breaking U(1)gauge × U(1)flavour to a diagonal
U(1) global symmetry and quiver (2.41) therefore becomes
2 31
3
(3.1)
Let us examine this theory in detail. We start by noticing that the USp(2)
flavour can be interpreted as two half-hypermultiplets in the fundamental represen-
tation. We can therefore interpret the theory as a USp(2) vector multiplet coupled to
two identical sectors; each one describing a USp(2)−SO(3) tail plus a single hyper-
multiplet charged under USp(2) and neutral under SO(3). Since SO(3) ' SU(2), we
can interpret the two above-mentioned sectors as SU(2) gauge theories with a triplet
(or adjoint) and a singlet and this theory is just a copy of the dimensional reduction
of the T2 theory [60] with the diagonal combination of two SU(2) gauged (see also
[61, (2.3) and section 5.1]). Said differently, this is the dimensional reduction of the
untwisted A1 theory of class S described by a one-punctured torus.
We therefore conclude that
2 31
3
= T2SU(2) 2 T2 SU(2) (3.2)
where we have put SU(2) in the red nodes on the right diagram in order to remind
the reader that these come from the SO(3) ' SU(2) red nodes of left diagram. Here
we denote the circle reduction of the T2 theory [60] in grey. The theory on the right
is the dimensional reduction of the genus 2 class S theory without punctures, whose
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mirror dual is known to be a U(2)/U(1) ∼= SU(2)/Z2 ∼= SO(3) gauge theory with two
hypermultiplets in the adjoint representation [2, 44]. Putting everything together, we
find that the dimensional reduction of the mass deformed C2U1 theory is the SU(2)
gauge theory with two adjoint hypermuiltiplets, whose global symmetry is manifestly
USp(4). This confirms that the FI deformation we have considered corresponds to
a mass deformation for the U(1) factor. Finally, by turning on a mass for one of
the adjoint hypermultiplets, we end up with N = 8 SU(2)/Z2 ∼= SO(3) super-
Yang-Mills (SYM), in agreement with the four-dimensional expectation that upon
mass deformation the C2U1 model flows to a theory with sixteen supercharges; see
the third arrow in [62, (5.4)]. This represents a highly nontrivial consistency check
of our claim and in particular confirms that the tail T[12](USp
′(2)) describing the
twisted puncture [12]t should involve a SO(3), rather than O(3), gauge group.
This sequence of mass deformations is analogous to the flow from the E6 Minahan-
Nemeschansky theory to SU(2) SQCD with 4 flavours. Also in this case the rank
of the global symmetry is decreased by two. This flow can actually be divided into
two steps: The E6 theory first flows to SU(2) SQCD with 5 flavours
10, whose global
symmetry is SO(10), and then to SQCD with four flavours. Note that the inter-
mediate theory, namely the SU(2) gauge theory with 5 flavours, is not a SCFT in
four dimensions but rather an IR free gauge theory, The same happens for the C2U1
theory, which first flows to the infrared free SO(3) gauge theory with two adjoint
hypermultiplets and then to the N = 4 SO(3) SYM.
3.2 Mass deformation for the (A1, D4) theory
We can perform a similar consistency check for other twisted A2 trinions. Let us
consider for example the three punctured sphere describing (A1, D4) Argyres-Douglas
theory plus a decoupled hypermultiplet. Using again the observation that SO(3) −
[USp(2)] plus a free hypermultiplet is equivalent to the class S one punctured torus,
we find
2 11
1 3
=
1
1
2 T2 SU(2)
(3.3)
We can again study the effect of a mass deformation for the four-dimensional theory
by activating a FI parameter at the U(1) node in (3.3). The effect is again to higgs
the abelian group and consequently the quiver on the right of (3.3) becomes
10This can be also be viewed as the S1 reduction of the mass deformation of the following 5d
SCFTs: E6 → E5 [24].
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1 2 T2 SU(2)
(3.4)
In order to interpret this quiver, it is convenient to look at the mirror dual. This
is more easily done by interpreting (3.5) as the mass deformation of
2 2 T2 SU(2)
(3.5)
which is equivalent to the untwisted A1 theory class S two-punctured torus; this was
in fact discussed in section 5.2 of [61]. Its mirror dual is therefore
1
1
2 (3.6)
In order to extract the mirror dual of (3.5) we should remove from (3.6) the SU(2)
fundamental we have added by hand. This can be done directly in the quiver (3.6)
by turning on complex FI parameters λ1,2 at the abelian nodes. Notice that they
need to satisfy the constraint λ1 = −λ2. This deformation forces us to turn on a
nonzero expectation value for both U(1)×U(2) bifundamentals, which in turn break
the U(1)2 × U(2) gauge group to U(1)2. At the quiver level we find
1
1
2 −→ 1 1 + Free Hypermultiplet (3.7)
where the U(1) × U(1) bifundamentals arise from the off-diagonal components of
the adjoint hypermultiplet, whereas the free hypermultiplet arises from the Cartan
component of the adjoint representation of U(2). This result is perfectly consistent
with the presence of a decoupled hypermultiplet in the trinion. The interacting part
of the theory is the self-mirror U(1) theory with two flavors, which is known to be the
dimensional reduction of (A1, A3) AD theory. We therefore recover the well-known
statement that (A1, D4) can be mass deformed to (A1, A3) [19] (see also the fifth
arrow in [62, (5.3)]), with the decoupled hypermultiplet being a spectator11.
11We recall that the original theory has a decoupled hypermultiplet.
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3.3 Mass deformation from the C3C1 theory to the C2U1 theory
We can analogously study the mass deformation from the C3C1 theory to C2U1 at
the level of 3d mirrors. The C3C1 theory is described by a A3 twisted trinion. We
remind the reader that twisted A3 punctures are labelled by B-partitions
12 of 5 and
in the case of the C3C1 theory the punctures are
[2, 12] , [22, 1]t , [2
2, 1]t , (3.8)
where this was discussed in row 2 of the bottom of Page 62 of [32].
More precisely, the trinion (3.8) is a mixed fixture describing the C3C1 theory
plus a decoupled hypermultiplet charged under the SU(2) symmetry carried by the
untwisted puncture. Since we are going to turn on a mass term for that SU(2), the
hypermultiplet will become massive and therefore can be ignored. The quiver tails
associated with A2n−1 twisted punctures are the models Tρ(USp(2n)) [38] where ρ
is the B-partition labelling the puncture. The 3d mirror of the S1 reduction of (3.8)
is then
4
q˜, q Q˜,Q B1
B2
41 2
4
(3.9)
where the red node labelled by 4 denotes the SO(4) gauge symmetry. Next to
each line in the quiver, we label the chiral mulitplets in the hypermultiplet or half-
hypermultiplet that we shall use in the subsequent analysis.
Notice that the dimension of the Coulomb branch is 1 + 2 + 2 + 2 + 2 = 1 + 8, in
agreement with the Higgs branch of the 4d theory which is 8 + 1 dimensional, where
the 1 comes from the free hypermultiplet. The dimension of the Higgs branch of (3.9)
is 2 + 8 + 4× 4− 1− 4− 10− 5− 5 = 1, in agreement with the expectation that the
4d theory has rank 1. Note that the SO(4) gauge nodes contribute −5 because the
group can be Higgsed at most to U(1) by activating a vev for the bifundamentals.
We now turn on the complex FI parameters λ1,2 at the U(1) and U(2) nodes
respectively, imposing the constraint λ1 + 2λ2 = 0. As was mentioned before, this
corresponds to turning on a mass term for the SU(2) global symmetry carried by the
untwisted puncture. Let us now discuss the effect of the deformation. The equations
of motion can be solved by setting
〈q˜〉 =
√
λ2
(
1
1
)
; 〈q〉 =
√
λ2(1, 1), (3.10)
12A B-partition of an odd integer m is an integer partition of m which satisfies the condition
that any even part must appear an even number of times.
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and consequently the vev of Q˜ and Q satisfy the relation
〈QQ˜〉 = λ2
(
0 1
1 0
)
, (3.11)
where the USp(4) indices are contracted in this expression. The Lagrangian includes
the coupling
Tr(ΦUSp(4)Q˜Q), (3.12)
where Tr denotes the trace over the fundamental representation of USp(4) and
ΦUSp(4) is a 4 × 4 matrix in the adjoint representation of USp(4) which can be
written as
ΦUSp(4) =

a b α γ
c d γ β
δ  −a −c
 µ −b −d
 . (3.13)
Setting the vev of Q and Q˜ to
〈Q〉 =
√
λ2
(
1 0 0 0
0 0 1 0
)
; 〈Q˜〉 =
√
λ2

0 1
0 0
1 0
0 0
 , (3.14)
we can easily see that a USp(2) subgroup of USp(4) remains unbroken. Let us now
look at the mass term in detail. With the following notation for the fluctuation of Q
and Q˜ around the vev
Q =
√
λ2
(
Q11 Q12 Q13 Q14
Q21 Q22 Q23 Q24
)
; Q˜ =
√
λ2

Q˜11 Q˜12
Q˜21 Q˜22
Q˜31 Q˜32
Q˜41 Q˜42
 , (3.15)
we see that expanding (3.12) around the vev (3.14) we find (among others) the
following mass terms
L ⊃ (Q12 + Q˜41)γ + (Q22 − Q˜42)c+ (Q˜21 −Q14)b+ (Q24 + Q˜22)+ . . . , (3.16)
where we have absorbed λ2 in the coefficients γ, c, b, , etc., in this expression.
If all the components in (3.13) were independent, or equivalently the blue gauge
node were U(4), all the Q and Q˜ components appearing in (3.16) would acquire a
mass. In the case at hand instead only half of them receive a mass and can be
integrated out. The other four form a hypermultiplet doublet under the unbroken
USp(2). They are also charged under the further U(1) subgroup13 of U(1)×U(2)×
13More explicitly, this is a combination of the U(1) gauge group, a U(1) subgroup of the U(2)
gauge group, and the part of the USp(4) gauge group corresponding to d, β, µ, −d, left unbroken
by the vev.
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USp(4) left unbroken by the vev. Upon considering the full expression of (3.16),
we also find an extra massless hypermultiplet charged under U(1), which becomes a
flavour symmetry of (2.41). Finally, from (3.14) we see that the F -terms with respect
to the USp(4) gauge group provide the constraint
〈B1B1〉+ 〈B2B2〉 = λ2

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0
 , (3.17)
and therefore 〈B1B1〉 and 〈B2B2〉 (with the SO indices contracted) can both be
chosen nilpotent, resulting in the breaking pattern SO(4) → SO(3)14. Overall, we
end up with the 3d mirror (2.41) of the C2U1 theory, in agreement with the four
dimensional expectation.
3.4 Mass deformation of the T˜3 theory
With similar techniques we can also study the mass deformation of the T˜3 theory.
As we will see, this theory can be deformed to SO(4) N = 4 SYM. Starting from
the 3d mirror
2
q˜, q
p˜, p
31 2
1 3
(3.18)
we turn on a complex FI parameter λ at the U(1) node on the left. The equations of
motion can be solved by giving vev to the U(1)×U(2) bifundamentals q, q˜ and p, p˜:
〈q˜〉 = 〈p˜〉 =
√
λ
(
1
0
)
; 〈q〉 = 〈p〉 =
√
λ(1, 0). (3.19)
This vev breaks the U(1)× U(2) gauge group to U(1) and reduces the quiver to the
following form:
2 3
1
1
3
= T2SU(2) 2
1
T2 SU(2)
(3.20)
14Each USp(4) − SO(4) leg of (3.9) can be viewed as the A1 theory of class S associated with
a torus with two punctures, whose global symmetry is USp(4). Upon giving the aforementioned
nilpotent vev, a puncture is closed and so we are left with a torus with one puncture. Recall that
this can be viewed as USp(2)− SO(3), which is a leg of (2.41). Indeed, SO(4) is broken to SO(3)
due to such a nilpotent vev.
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where we have used the relation to the class S one-punctured torus. We claim that
the quiver on the right is mirror dual to 22
 /Z2 = 4 1 (3.21)
where the quiver on the left represents an (SU(2) × SU(2))/Z2 gauge theory with
one adjoint hypermultiplet for each SU(2) node and a bifundamental hypermultiplet,
which is equivalent to the SO(4) gauge theory with one adjoint hypermultiplet and
a hypermultiplet in the vector representation on the right.
In the following, we compute the Coulomb and Higgs branch Hilbert series of
(3.20) and verify that they coincide with the Higgs and Coulomb branch Hilbert
series of (3.21) respectively. Since the Coulomb branch Hilbert series is sensitive to
the Z2 discrete action in (3.21), this provide a highly non-trivial test to the claim.
Below we also sketch the argument for the mirror pair (3.20) and (3.21).
From the SO(4) gauge theory with one adjoint and one hypermultiplet in the
vector representation of (3.21), we can turn on a further mass deformation for the
vector, flowing to N = 4 SO(4) SYM. We therefore conclude that the T˜3 theory can
be mass-deformed to N = 4 SO(4) SYM as promised. This is a new prediction of
our construction.
Sketch the argument for the mirror pair (3.20) and (3.21)
Let us first consider the right hand side of (3.20) without (USp(2))− (U(1)). As is
well-known from [2], the mirror of the reduction of the A1 theory of class S associated
with a Riemann surface with genus 2 without a puncture is a U(2)/U(1) ∼= SU(2)/Z2
gauge theory with 2 adjoint hypermultiplets.
Let us now add one flavour of the fundamental hypermultiplet to the blue USp(2)
node of the right hand side of (3.20) (i.e. ungauging the U(1) for now). According to
the prescription in [3, Section 6], at the level of the mirror theory, we should split the
gauge node in the aforementioned theory into two gauge group, where each gauge
group has an adjoint hypermultiplet charge under it and the two gauge groups are
connected by a bifundamental hypermultiplet. Now let us gauge the U(1) symmetry
in the original description, i.e. theory (3.20), this corresponds to ungauging a U(1)
symmetry from the aforementioned mirror theory. It is expected that the gauge
algebra for the end result is su(2)× su(2), with a bifundamental hyermultiplet and
an adjoint hypermultiplet transforming under each factor. This is depicted in the
square brackets in the left hand side of (3.21). The prescription of [3], however, does
not allow us to fix the global structure of the gauge group. We determine the latter
using the Coulomb branch Hilbert series (see below). It turns out that there is a Z2
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action on the SU(2)×SU(2) gauge symmetry. Since SO(4) ∼= (SU(2)×SU(2))/Z2,
the left diagram in (3.21) can be rewritten as the right one.
The Hilbert series of (3.20) and (3.21)
The Coulomb branch Hilbert series of (3.20) can be computed from the quiver de-
scription on the left side similarly to what we did in subsection 2.5 for the original
T˜3 theory
HC[(3.20)LHS](t;x, y, z) =
∞∑
m=−∞
∞∑
a=0
t−2|a−(−a)|+
1
2
(|a|+|−a|)+ 1
2
(|m+a|+|m−a|)xmPU(1)(t;m)PUSp(2)(t; a)×
HC[T[12](USp
′(2))](t; y; a)HC[T[12](USp
′(2))](t; z; a) .
(3.22)
This should be compared with the Higgs branch Hilbert series of (3.21) which, using
the description in terms of the quiver on the left side, can be written as
HH[(3.21)LHS](t;x, y, z) =
∮
|u|=1
du
2piiu
(1− u2)
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[2]u − [2]v](t;u, v, x)HH[[3]v](t; v, y) HH[[3]u](t;u, z)×
PE
[−(u2 + 1 + u−2)t2 − (v2 + 1 + v−2)t2] ,
(3.23)
where
HH[[2]u − [2]v](t;u, v, x) = PE
[
t(z + z−1)(v + v−1)(x+ x−1)
]
HH[[3]v](t; v, y) = PE
[
t(v2 + 1 + v−2)(y + y−1)
]
HH[[3]u](t;u, z) = PE
[
t(u2 + 1 + u−2)(z + z−1)
]
.
(3.24)
Evaluating these two Hilbert series, we find
PL
[
HC[(3.20)](t;x2, y, z)
]
= PL [HH[(3.21)](t;x, y, z)]
= ([2]x + [2]y + [2]z)t
2 + (2 + [2]x[1]y[1]z)t
4
− (2× [2]x[1]y[1]z + [1]y[1]z)t6 + (3× [2]x[1]y[1]z+
2× [1]y[1]z − [4]x − [2]x[2]y − [2]y[2]z − [2]x[2]z)t8 + . . . .
(3.25)
The Higgs branch Hilbert series of (3.20) can be computed either from the quiver
description on the left side using the standard Molien integral or from the description
involving two class S theories on a one-punctured torus. The Higgs branch Hilbert
series of the latter theory has been computed in [61, (5.8)] and we shall denote it by
Hg=1,n=1H (t;w) = (1− t4) PE
[
[1]wt+ [2]wt
2
]
, (3.26)
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where g = 1 is the genus and n = 1 is the number of punctures of the Riemann
surface, while w is the fugacity for the SU(2) global symmetry of the puncture. The
Higgs branch Hilbert series of (3.20) can then be written as
HH[(3.20)RHS](t) =
∮
|w|=1
dw
2piiw
(1− w2)
∮
|q|=1
dq
2piiq
×
Hg=1,n=1H (t;w) HH[[1]q − [2]w](t; q, w)×
PE
[−(1 + w2 + 1 + w−2)t2] .
(3.27)
This should be compared with the Coulomb branch Hilbert series of (3.21) which
can be computed using the monopole formula [42]. For the quiver on the right hand
side of (3.21), we have
HC[(3.21)RHS](t) =
∞∑
m2=−∞
∞∑
m1=|m2|
t2|m1|+2|m2|PSO(4)(t;m1,m2) , (3.28)
where
PSO(4)(t;m1,m2) =
{
(1− t2)−2 if m1 6= m2
(1− t4)−2 if m1 = m2 .
(3.29)
For the quiver on the left hand side of (3.21), we have
HC[(3.21)LHS](t) =
∑
a∈ 1
2
Z≥0
∑
b∈Z≥0
t2|a+b|+2|a−b|PUSp(2)(a)PUSp(2) (b) , (3.30)
where it should be noted that a is summed over 1
2
Z≥0, not Z≥0, because of the Z2
action. Evaluating these series, we find
PL [HH[(3.20)](t)] = PL [HC[(3.21)LHS,RHS](t)] = t2 + 6t4 − 3t6 − 6t8 + . . . . (3.31)
4 Twisted A2 theories with four punctures
In this section, we discuss the mirror theories associated with the T2, 3
2
, 3
2
and T3,2, 3
2
, 3
2
theories, described by twisted A2 theories with four punctures.
4.1 The T2, 3
2
, 3
2
theory: a sphere with punctures [2, 1], [2, 1], [2]t, [2]t
The 4d N = 2 T2, 3
2
, 3
2
SCFT was studied in [6] as an SU(2) gauge theory coupled to
a doublet of hypermultiplets and two copies of the (A1, D4) theory, where an SU(2)
subgroup of the SU(3) global symmetry of each copy is gauged. In that reference, it
was proposed that this theory is dual to another 4d N = 2 SCFT known as the I4,4
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or (A3, A3) theory [4]. Upon compactifying the latter on S
1, the 3d mirror theory
was proposed in [63, Figure 8] (see also [64] for a derivation) to be
1 1
11
(4.1)
where an overall U(1) needs to be decoupled from this quiver. Upon doing so, one
obtains the following equivalent description of the above mirror theory [6, (3.3)]:
1 1
1
1 1
1
(4.2)
This quiver has two interesting properties:
1. It is self-mirror.
2. Both Higgs and Coulomb branches are isomorphic to the moduli space of one
SU(3) instanton15 on C2/Z3 with the holonomy at infinity such that SU(3) is
broken to U(1)3/U(1) ∼= U(1)2.
The first property can be understood from the Type IIB Hanany-Witten brane con-
struction [65] involving one complete D3 brane wrapping a circle and stretching
between three NS5 brane, with one D5 brane within each NS5 brane interval. The
mirror symmetry can be realised by an action that involves interchanging the NS5
and D5 branes, and this leaves the brane system invariant. We thus conclude that
(4.2) is self-mirror. The second property follows from [54, 55, 66–75].
On the other hand, the class S description, without an irregular puncture, of
the T2, 3
2
, 3
2
theory has recently been proposed in [40, (5.3)]. It is a twisted A2 theory
associated with the sphere with punctures
[2, 1] , [2, 1] , [2]t , [2]t . (4.3)
15Strictly speaking, this should be called a PU(3) ∼= PSU(3) instanton.
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Following the procedure described in the preceding section, we obtain the 3d mirror
of this theory compactified on S1 as
1 2 1
1
1
1
1
(4.4)
Since the red circular node with the label 1 denotes SO(1), this quiver can be rewrit-
ten as
1 2 21
1
1
(4.5)
Indeed, we conjecture that theory (4.2) is dual to theory (4.5). It is thus expected
that the two properties discussed above also hold for theory (4.5). In the following
we provide some non-trivial checks for these statements.
The Coulomb branch of (4.5) is 1+1+1 = 3 quaternionic dimensional. The Higgs
branch of (4.5) is also 1+2+ 1
2
(2×2)+2+1−(1+3+1) = 3 quatenionic dimensional.
These are also equal to the corresponding quantities of (4.2). The equality of the
Higgs and Coulomb branch dimensions is as expected from the property that the
theory is self-mirror. We now study both branches in more detail using the Hilbert
series
We first consider the Higgs branch Hilbert series of (4.5). This is given by
HH[(4.5)](t;x, y, q) =∮
|u|=1
du
2piiu
∮
|w|=1
dw
2piiw
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [1]x](t;u, x)HH[[1]u − [USp(2)]v](t;u, v)×
HH[[1]w − [1]y](t;u, x)HH[[1]w − [USp(2)]v](t;w, v)×
HH[[USp(2)]v − [SO(2)]q](t; v, q)×
PE
[−2t2 − (v2 + 1 + v−2)t2] ,
(4.6)
where the notations are as in (2.14) and (2.29). Here, x, y, q are the fugacities
for each of the U(1) in the U(1)3 flavour symmetry of the theory. Evaluating the
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integrals, this can be written as
HH[(4.5)](t;x, y, q)
= PE
[
3t2 + t3
(
qx+
q
x
+
1
qx
+
x
q
+ qy +
q
y
+
1
qy
+
y
q
)
+ t4
(
q2 +
1
q2
+ xy +
y
x
+
x
y
+
1
xy
)
− 2t6
(
q2 +
1
q2
+ xy +
y
x
+
x
y
+
1
xy
+ 2
)
− 3t7
(
qx+
q
x
+
1
qx
+
x
q
+ qy +
q
y
+
1
qy
+
y
q
)
+ . . .
]
.
(4.7)
The closed form for the unrefined Higgs branch Hilbert series, whereby x = y = q = 1,
is
HH[(4.5)](t;x = 1, y = 1, q = 1)
=
1− 2t+ 3t2 + 2t3 − 2t4 + 2t5 + 3t6 − 2t7 + t8
(1− t)6(1 + t)2 (1 + t2) (1 + t+ t2)2 .
(4.8)
The order of the pole at t = 1, which is 6, is indeed the complex dimension of the
Higgs branch, and the numerator is palindromic as it should be for a Calabi-Yau
variety. Indeed it can be checked using the method described in [73, 75] that this is
indeed the Hilbert series of the moduli space of instanton mentioned below (4.2).
We now focus on the Coulomb branch. Since theory (4.5) is ‘good’ in the sense of
[38], the Coulomb branch Hilbert series can be computed using either the monopole
formula or the Hall-Littlewood formula. Here we present the latter:
HC[(4.4) or (4.5)](t;x1, x2; y1, y2) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)×
HC[T[2,1](SU(3))](t;x1, x2; a, 0,−a)HC[T[2,1](SU(3))](t; y1, y2; a, 0,−a)×
HC[T[2](USp′(2))](t; a)HC[T[2](USp′(2))](t; a) .
(4.9)
where the fugacities x1, x2 and y1, y2 are subject to the conditions:
x21x2 = 1 , y
2
1y2 = 1 . (4.10)
After imposing these conditions, we see only two U(1) fugacities appear in formula
(4.9). They are associated with the two U(1) topological symmetries associated
with each U(1) gauge node in quiver (4.5). From description (4.2) and the Higgs
branch computation we expect, however, that there should be three U(1) global
symmetries. The other U(1) symmetry is indeed ‘hidden’ in the above Coulomb
– 32 –
branch computation, in a similar way as described in [47]. In order to match (4.7)
with (4.9), we need to unrefine one fugacity in the former:
HH[(4.5)](t;x31, y
3
1, q = 1) = HC[(4.4) or (4.5)](t;x1, x
−2
1 ; y1, y
−2
1 ) . (4.11)
It is also interesting to compare these results with the Higgs branch Hilbert series
of the 4d T2, 3
2
, 3
2
theory. Recall that the Higgs branch of the (A1, D4) theory is the
closure of the minimal nilpotent orbit of SU(3), whose Hilbert series is [46]
H[minSU(3)](t;u) =
∞∑
p=0
χ
SU(3)
[p,p] (u)t
2p , (4.12)
where u = (u1, u2) are the fugacities of SU(3) such that the character of the funda-
mental representation [1, 0] is written as u1 + u2u
−1
1 + u
−1
2 . We now take two copies
of the (A1, D4) theory, gauge a common SU(2) symmetry and then couple it to one
flavour of the fundamental hypermultiplets. For each copy, we need to decompose
representations of SU(3) into those of the SU(2)×U(1) subgroup. This amounts to
using the following fugacity map:
u1 = x
1/3z , u2 = x
−1/3z , (4.13)
where z is the SU(2) fugacity, x is the U(1) fugacity, and the power 1/3 is the
normalisation of the U(1) charge such that we have the following decomposition:
[1, 0]→ [1] 1
3
+ [0] 2
3
. The Higgs branch Hilbert series of the T2, 3
2
, 3
2
theory is then
HH[T2, 3
2
, 3
2
](t;x, y, q)
=
∮
|z|=1
dz
2piiz
(1− z2) PE
[
−t2χSU(2)[2] (z)
]
PE
[
(z + z−1)(q + q−1)t
]×
H[minSU(3)](t;x
1/3z, x−1/3z)H[minSU(3)](t; y1/3z, y−1/3z)
(4.14)
where z is the SU(2) gauge fugacity, and each of x, y and q is the U(1) fugacity.
Evaluating the integral, we find that
HH[T2, 3
2
, 3
2
](t;x, y, q) = HH[(4.5)](t;x, y, q) , (4.15)
which is given by (4.7).
4.2 The T3,2, 3
2
, 3
2
theory: a sphere with punctures [13], [2, 1], [2]t, [2]t
The 4d N = 2 T3,2, 3
2
, 3
2
SCFT was studied in [6] (see also [23]). It admits two known
descriptions: (1) an SU(3) gauge theory coupled to two (A1, D4) theories with three
flavours of fundamental hypermultiplets, and (2) an SU(2) gauge theory coupled to
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the (A1, D4) theory and the T3, 3
2
theory16, where the Higgs branch of the latter is
the full moduli space of two SU(3) instantons on C2. These two descriptions are
related by the Argyres-Seiberg duality [76]. In [6], it was proposed that the T3,2, 3
2
, 3
2
theory is dual to another 4d N = 2 SCFT known as the III3×[2,2,1,1]6,6 theory. Upon
compactifying the latter on S1, the 3d mirror theory can be obtain using the method
described in [4] and the result was presented in [6, (4.3)]:
1 1
22
(4.16)
where an overall U(1) needs to be decoupled from this quiver. Doing so from one of
the U(1) gauge node, we obtain the following equivalent quiver:
2 2
1
1 1
1
(4.17)
The class S description of the T3,2, 3
2
, 3
2
theory has recently been proposed in [40,
(5.1), (5.2)]. It is a twisted A2 theory associated with the sphere with punctures
[13] , [2, 1] , [2]t , [2]t . (4.18)
Following the procedure described in the preceding sections, we obtain the 3d mirror
of this theory compactified on S1 as
1 2 2 1
11
11
(4.19)
Since the red circular node denotes SO(1), this quiver can be rewritten as
1 2 2 2
1 11
(4.20)
16Equivalently, this is an SU(2) gauge theory coupled to the (A1, D4) theory and the T (2)SU(3)
theory (see section 2.3), with a half-hypermultiplet in the doublet of the SU(2) gauge group.
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We conjecture that theories (4.17) and (4.20) are dual to each other. In the following
we provide number of non-trivial checks.
The Coulomb branch of (4.20) is 1 + 2 + 1 + 1 = 5 quaternionic dimensional.
The Higgs branch of (4.20) is also 2 + 2 + 4 + 1
2
(2× 2) + 2 + 1− (1 + 4 + 3 + 1) = 4
quatenionic dimensional, in agreement with the fact that the 4d T3,2, 3
2
, 3
2
theory is a
rank-four theory. Note that these are also equal to the corresponding quantities of
(4.17). We now study both branches in more detail using the Hilbert series
As in the previous subsection, the theory is ‘good’ and so we can compute the
Coulomb branch Hilbert series of (4.20) using either the monopole formula or the
Hall-Littlewood formula. The latter reads
HC[(4.20)](t;x1, x2, x3; y1, y2) =
∞∑
a=0
t−2|a−(−a)|PUSp(2)(t; a)HC[T[13](SU(3))](t;x1, x2, x3; a, 0,−a)
HC[T[2,1](SU(3))](t; y1, y2; a, 0,−a)×
HC[T[2](USp′(2))](t; a)HC[T[2](USp′(2))](t; a) .
(4.21)
with the following conditions on the fugacities due to (A.11):
x1x2x3 = 1 , y
2
1y2 = 1 . (4.22)
Upon evaluating the summation, the result of (4.21) can be summarised as the highest
weight generating function up to order t8 as follows:
HWG [HC[(4.20)]]
= PE
[
(µ1µ2 + 1) t
2 +
(
b+
1
b
)
t3 + (2µ1µ2 + 1) t
4
+
(
b+
1
b
)
µ1µ2t
5 +
(
2µ31 + µ2µ1 + 2µ
3
2 − 1
)
t6
+
(
b+
1
b
)(
µ31 + µ
3
2
)
t7 +
(
µ31 − 2µ2µ1 + µ32
)
t8 + . . .
]
,
(4.23)
where, upon computing the power series of this expression in t, µp11 µ
p2
2 denotes the
representation [p1, p2], whose character written in terms of x1, x2, x3, of SU(3). Here
b is the fugacity for the U(1) symmetry which can be written in terms of y1, y2 as
b = y2y
−1
1 . (4.24)
As can be seen from the order t2, the Coulomb branch symmetry of this theory is
U(3). This is in agreement with that of theory (4.20) and the flavour symmetry of
the 4d theory.
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The Higgs branch Hilbert series is
HH[(4.20)](t;x, y, b) =∮
|u|=1
du
2piiu
∮
|w|=1
dw
2piiw
∮
|q|=1
dq
2piiq
×∮
|z|=1
dz
2piiz
(1− z2)
∮
|v|=1
dv
2piiv
(1− v2)×
HH[[1]u − [2]q,z](t;u, q, z) HH[[1]x − [2]q,z](t;x, q, z)×
HH[[2]q,z − [USp(2)]v](t; q, z, v)HH[[1]w − [USp(2)]v](t;w, v)×
HH[[1]w − [1]y](t;w, y)HH[[USp(2)]v − [SO(2)]b](t; v, b)×
PE
[−3t2 − (v2 + 1 + v−2)t2 − (z2 + 1 + z−2)t2] ,
(4.25)
where the notations are as in (2.14) and (2.29). Evaluating the integrals, we obtain
HH[(4.20)](t;x, y, b)
= PE
[
3t2 + t3
(
bx+
b
x
+
1
bx
+
x
b
+ by +
b
y
+
1
by
+
y
b
)
+ t4
(
b2 +
1
b2
+ xy +
y
x
+
x
y
+
1
xy
+ 1
)
+ t5
(
bx+
b
x
+
1
bx
+
x
b
)
− . . .
]
.
(4.26)
The order t2 indicates that the Higgs branch symmetry is U(1)3. Setting x = y =
b = 1, we obtain the closed form of the unrefined Hilbert series as
HH[(4.20)](t;x = 1, y = 1, b = 1)
1
(1− t)8(1 + t)4(1 + t2)2(1− t+ t2)(1 + t+ t2)3
[
1− 2t+ 3t2 + 2t3
− 2t4 + 6t5 + 3t6 − 2t7 + 12t8 − 2t9 + . . . (palindrome) . . .+ t16
]
.
(4.27)
This Higgs branch Hilbert series is in agreement with that for (4.17).
5 Twisted A2N theories with N ≥ 1
In this section, we discuss the generalisation of our results for the twisted A2 theories
to the case of A2N with N ≥ 1.
5.1 The D2[SU(2N + 1)] theory with N free hypermultiplets
The class S description (without an irregular puncture) was proposed in [40, (6.3)].
It is a twisted A2N theory associated with a sphere with punctures
[N + 1, N ] , [12N ]t , [2N ]t . (5.1)
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For N = 1, this was discussed in section 2.2, where the low energy theory is the
(A1, D4) SCFT with a free hypermultiplet.. For a general N , the 3d mirror theory
of the reduction of the 4d theory in question on a circle admits the following quiver
description:
N 2N 2N + 1 2N − 2 · · · 2 3
1 1
(5.2)
The Coulomb branch of (5.2) is N +
∑N
j=1 2j = N
2 + 2N quaternionic dimension.
This is in agreement with the Higgs branch of the 4d theory: the Higgs branch of
D2[SU(2N + 1)] is N(N + 1) quaternionic dimensional (see Appendix B), and the
Higgs branch of the theory of N free hypermultiplets is N quaternionic dimensional;
in total we have N2 + 2N quaternionic dimensions. The Higgs branch of (5.2) is
N + 2N2 +N + dimHH[T (USp′(2N))]−N2 − 12(2N)(2N + 1) = N , where we have
used the fact that dimHH[T (USp′(2N))] = N2. This is in agreement with the fact
that D2[SU(2N + 1)] is a rank N theory.
The Coulomb branch Hilbert series of (5.2) can be computed using the Hall-
Littlewood formula as follows:
HC[(5.2)](t;x1, x2, y1, y2, . . . , yN) =∑
n1≥n2≥nN≥0
t−2[
∑N
j=1 |2nj |+
∑
1≤i<j≤N (|ni−nj |+|ni+nj |)]PUSp(2N)(t;n1, . . . , nN)×
HC[T[N+1,N ](SU(2N + 1))](t;x1, x2;n1, n2, . . . , nN , 0,−nN ,−nN−1, . . . ,−n1)×
HC[T[12N ](USp
′(2N))](t; y1, y2, . . . , yN ;n1, n2, . . . , nN)×
HC[T[2N ](USp′(2N))](t;n1, . . . , nN) ,
(5.3)
where
xN+11 x
N
2 = 1 . (5.4)
Evaluating the summations, we obtain
HC[(5.2)](t;x1, x2, y1, y2, . . . , yN)
= PE
[
N∑
j=1
(yj + y
−1
j )
]
×H[D2[SU(2N + 1)]](x1, x2, y1, . . . , yN) ,
(5.5)
where the first factor is the Hilbert series of HN ∼= C2N and the second factor is
as described in Appendix B. We have tested this expression for N = 1, 2, 3. This
confirms that the moduli space of the Coulomb branch is a product of HN and that
of the Higgs branch fo the D2[SU(2N + 1)] theory, as expected from the 4d theory.
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The Higgs branch Hilbert series, on the other hand, can be computed as follows:
HH[(5.2)](t;x) =
∫
dµU(N)(z)
∫
dµUSp(2N)(v)×
HH[[1]x − [N ]z]HH[[N ]z − [USp(2N)]v]×
HC[T[12N ](USp
′(2N))](t;v; 0, 0, . . . , 0)HH[[SO(1)]− (USp(2N))v]×
PE
[
−
(
N∑
i,j=1
ziz
−1
j
)
t2 − χUSp(2N)[2,0,...,0] (v)t2
]
,
(5.6)
where we have used the fact that T[12N ](USp
′(2N)) is self-mirror and so the Higgs
branch Hilbert series of such a theory can be computed from the Coulomb branch
one. Here
HH[[1]x − [N ]z] = PE
[(
x−1
N∑
j=1
zj + x
N∑
j=1
z−1j
)
t
]
HH[[N ]z − [USp(2N)]v] = PE
[(
N∑
j=1
zj +
N∑
j=1
z−1j
)(
N∑
k=1
vk +
N∑
k=1
v−1k
)
t
]
χ
USp(2N)
[2,0,...,0] (v) = N +
N∑
j=1
(v2j + v
−2
j ) +
∑
1≤i<j≤N
(vivj + v
−1
i v
−1
j + viv
−1
j + v
−1
i vj)
dµUSp(2N)(v) =
N∏
j=1
v−1j (1− v2j )
∏
1≤i<j≤N
(1− vivj)(1− viv−1j )
dµU(N)(z) =
N∏
j=1
z−1j
∏
1≤i<j≤N
(1− ziz−1j ) .
(5.7)
In the case of N = 2, for example, we have
HH[(5.2)N=2](t;x)
= PE
[
t2 + (x+ x−1)t3 + t4 + (x+ x−1)t5 − t8 − t10 + . . .] . (5.8)
It can be checked that this is in agreement with the Higgs branch Hilbert series of
(B.1), with N = 2. This is indeed the Coulomb branch Hilbert series of the S1
reduction of the D2[SU(2N + 1)] theory.
5.2 Two copies of the D2[SU(2N + 1)] theory
The class S description (without an irregular puncture) was proposed in [40, (6.4)].
It is a twisted A2N theory associated with a sphere with punctures
[12N+1] , [2N ]t , [2N ]t . (5.9)
The 3d mirror of the reduction of this 4d theory on S1 can be described by the
following quiver:
1 2 · · · 2N − 1 2N 2N 1
1 1
(5.10)
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Since the red circular node is SO(1), this quiver can be rewritten as
1 2 · · · 2N − 1 2N 2N 2
1
(5.11)
For N = 1, we recover quiver (2.4). The Coulomb branch of (5.11) is
∑2N
j=1 j +N =
2N(N + 1), in agreement with the Higgs branch dimension of a product of two
D2[SU(2N + 1)]. The Higgs branch of (5.11) is
∑2N−1
j=1 j(j + 1) + 2N + 4N
2 + 2N −∑2N
j=1 j
2 − N(2N + 1) = 2N , in agreement with the fact that D2[SU(2N + 1)] is a
rank N theory.
Similarly to the case of quiver (2.4), we can see the enhanced Coulomb branch
symmetry of quiver (5.11) using the observation of [38]. Since all of the U(s) gauge
nodes, with s = 1, . . . , 2N , in (5.11) are all balanced, one expects an SU(2N + 1)
enhanced symmetry in the IR. Moreover, since the USp(2N) gauge node is also
balanced, according to [38, section 5.3], this SU(2N+1) symmetry gets doubled and
so the symmetry of the Coulomb branch is expected to be SU(2N + 1)× SU(2N +
1). This is in agreement with the Higgs branch symmetry of a product of two
D2[SU(2N + 1)]. Shortly we confirm this using the Coulomb branch Hilbert series.
The Coulomb branch Hilbert series of (5.11) can be computed using either the
monopole formula or the the Hall-Littlewood formula. The latter reads
HC[(5.11)](t;x1, . . . , x2N+1) =∑
n1≥n2≥nN≥0
t−2[
∑N
j=1 |2nj |+
∑
1≤i<j≤N (|ni−nj |+|ni+nj |)]PUSp(2N)(t;n1, . . . , nN)×
HC[T[12N+1](SU(2N + 1))](t;x1, . . . , x2N+1;n1, n2, . . . , nN , 0,−nN ,−nN−1, . . . ,−n1)×
HC[T[2N ](USp′(2N))](t;n1, . . . , nN)HC[T[2N ](USp′(2N))](t;n1, . . . , nN) ,
(5.12)
where
x1x2 · · ·x2N+1 = 1 . (5.13)
Evaluating the summations, we obtain
HC[(5.11)](t;x1, . . . , x2N+1) = [HH[D2[SU(2N + 1)]](x1, . . . , x2N+1)]
2 , (5.14)
where the Higgs branch Hilbert series HH[D2[SU(2N + 1)]] of D2[SU(2N + 1)] is
given in Appendix B. We have tested this expression for N = 1, 2, 3. Similarly
to the remark below (2.10), the full Coulomb branch symmetry is expected to be
SU(2N + 1)2; however, it is possible to see only the diagonal subgroup SU(2N + 1),
corresponding to the fugacities x1, . . . , x2N+1 in the Hilbert series.
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The Higgs branch Hilbert series, on the other hand, can be computed as follows:
HH[(5.11)](t;x, y) =
∫
dµU(2N)(z)
∫
dµUSp(2N)(v)×
HH[T[12N ](SU(2N))](t; z)×
HH[[1]x − [2N ]z]HH[[2N ]z − [USp(2N)]v]×
HH[(USp(2N))v − [SO(2)]y]×
PE
[
−
(
2N∑
i,j=1
ziz
−1
j
)
t2 − χUSp(2N)[2,0,...,0] (v)t2
]
,
(5.15)
where the Higgs branch Hilbert series of T[12N ](SU(2N)) is given by [77, (3.4)]
HH[T[12N ](SU(2N))](t; z) = PE
[
t2
2N∑
i,j=1
ziz
−1
j
]
2N∏
p=1
(1− t2p) . (5.16)
For example, in the case of N = 2, we obtain
HH[(5.11)N=2](t;x, y) = HH[(5.2)N=2](t;xy)HH[(5.2)N=2](t;xy−1) , (5.17)
where HH[(5.2)N=2](t;x), which is the Coulomb branch Hilbert series of the S1 re-
duction of the D2[SU(2N + 1)] theory, is given by (5.8).
5.3 A sphere with punctures [N + 1, N ], [N + 1, N ], [2N ]t, [2N ]t
We study a USp(2N) gauge theory coupled to one flavour of the fundamental hyper-
multiplets and two copies of the D2[SU(2N+1)] theory, where a USp(2N) subgroup
of the SU(2N + 1) global symmetry of each copy is gauged. The class S descrip-
tion (without an irregular puncture) was proposed in [40, (6.5)]. It is a twisted A2N
theory associated with a sphere with punctures
[N + 1, N ] , [N + 1, N ] , [2N ]t , [2N ]t . (5.18)
The case of N = 1 was studied in section 4.1. The 3d mirror of the reduction of this
4d theory on S1 can be described by the following quiver:
N 2N 1
1
1
1
N
(5.19)
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Since the red circular node denotes SO(1), this quiver can be rewritten as
N 2N 2
1 1N
(5.20)
The quaternionic dimension of the Higgs branch dimension of the 4d theory is
2N(N + 1) + 2N − 1
2
(2N)(2N + 1) = 3N , where N(N + 1) is the Higgs branch
dimension of the D2[SU(2N + 1)] theory. The Coulomb branch of quiver (5.20) is
N + N + N = 3N quaternionic dimensional, in agreement with that of the Higgs
branch of the 4d theory. The Higgs branch of quiver (5.20) is N + 2N2 + 2N2 +N +
2N − [N2 +N2 + 1
2
(2N)(2N + 1)
]
= 3N . This is in agreement with the fact that
each copy of the D2[SU(2N + 1)] theory is of rank N and the USp(2N) gauge group
has rank N , and so in total we have 3N dimensional Coulomb branch as expect.
Observe that the Coulomb and Higgs branches of (5.20) have the same dimension.
Indeed, as we shall discuss below, theory (4.20) is self-mirror for any N , where the
case of N = 1 was indeed self-mirror as shown in Section 4.1.
Let us first examine the Higgs branch. The Higgs branch Hilbert series of (5.20)
is given by
HH[(5.20)](t;x, y, q) =∫
dµU(N)(u)
∫
dµU(N)(w)
∫
dµUSp(2N)(v)×
HH[[N ]u − [1]x](t;u, x)HH[[N ]u − [USp(2)]v](t;u, v)×
HH[[N ]w − [1]y](t;u, x)HH[[N ]w − [USp(2)]v](t;w, v)×
HH[[USp(2)]v − [SO(2)]q](t; v, q)×
PE
[
−
(
N∑
i,j=1
uiu
−1
j
)
t2 −
(
N∑
i,j=1
wiw
−1
j
)
t2 − χUSp(2N)[2,0,...,0] (v)t2
]
,
(5.21)
Let us compute the integrals in the case of N = 2, we obtain
HH[(5.20)N=2](t;x, y, q) =
PE
[
3t2 + t3
(
qx+
q
x
+
1
qx
+
x
q
+ qy +
q
y
+
1
qy
+
y
q
)
+ t4
(
5 + q2 +
1
q2
+ xy +
y
x
+
x
y
+
1
xy
)
+ 2t5
(
qx+
q
x
+
1
qx
+
x
q
+ qy +
q
y
+
1
qy
+
y
q
)
+ t6
(
3 + q2 +
1
q2
+ xy +
y
x
+
x
y
+
1
xy
)
+ . . .
]
.
(5.22)
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On the other hand, the Higgs branch Hilbert series of the 4d theory is given by
HH[4d theory](t;x, y, q) =∫
dµUSp(2N)(z) PE
[
−t2χUSp(2N)[2,0,...,0] (z)
]
PE
[
χ
USp(2N)
[1,0,...,0] (z)(q + q
−1)t
]
×
HH[D2[SU(2N + 1)]](t;x
1
3 (z1, . . . , zN), x
1
3 (z−11 , . . . , z
−1
N ), x
2N
3 )×
HH[D2[SU(2N + 1)]](t; y
1
3 (z1, . . . , zN), y
1
3 (z−11 , . . . , z
−1
N ), y
2N
3 ) ,
(5.23)
where each of x, y, q is a U(1) fugacity and z = (z1, . . . , zN) are the USp(2N) gauge
fugacity. The expression for HH[D2[SU(2N + 1)]] is given in Appendix B. Here,
under the decomposition SU(2N + 1) ⊃ SU(2N) × U(1) ⊃ USp(2N) × U(1), we
have
SU(2N + 1) → USp(2N)× U(1)
[1, 0, . . . , 0] → [1, 0, . . . , 0] 1
3
+ [0, . . . , 0] 2N
3
.
(5.24)
If we write the character of the fundamental representation [1, 0, . . . , 0] of SU(2N +
1) as
∑2N+1
j=1 uj (with
∏2N+1
j=1 uj = 1) and that of the fundamental representation
[1, 0, . . . , 0] of USp(2N) as
∑N
j=1(vj + v
−1
j ), then a fugacity map is
uk =

q
1
3vk , k = 1, 2, . . . , N
q
1
3v−1k−N , k = N + 1, N + 2 . . . , 2N
q
2N
3 , k = 2N + 1 ,
(5.25)
where q is the fugacity for the U(1) symmetry. Since theory (5.20) is self-mirror, its
Higgs branch Hilbert series can be equated to that of the 4d theory as follows:
HH[4d theory](t;x, y, q) = HH[(5.20)](t;x, y, q) . (5.26)
The Coulomb branch Hilbert series of (5.20) can be computed using either the
monopole formula or the the Hall-Littlewood formula. The latter reads
HC[(5.20)](t;x1, x2, y1, y2) =∑
n1≥n2≥nN≥0
t−2[
∑N
j=1 |2nj |+
∑
1≤i<j≤N (|ni−nj |+|ni+nj |)]PUSp(2N)(t;n1, . . . , nN)×
HC[T[N+1,N ](SU(2N + 1))](t;x1, x2;n1, n2, . . . , nN , 0,−nN ,−nN−1, . . . ,−n1)×
HC[T[N+1,N ](SU(2N + 1))](t; y1, y2;n1, n2, . . . , nN , 0,−nN ,−nN−1, . . . ,−n1)×
HC[T[2N ](USp′(2N))](t;n1, . . . , nN)HC[T[2N ](USp′(2N))](t;n1, . . . , nN) ,
(5.27)
where
xN+11 x
N
2 = y
N+1
1 y
N
2 = 1 . (5.28)
Taking into account these constraints on the fugacities, we see that there are only
two U(1) fugacities that are manifest in the Hilbert series (5.27), whereas the full
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Coulomb branch symmetry is U(1)3. This phenomenon is similar to what we have
encountered in Section 4.1. In order to match (5.21) with (5.27), we need to unrefine
one fugacity in the former:
HC[(5.27)](t;xN , x−N−1, yN , y−N−1)
= HH[(5.20)](t;x2N+1, y2N+1, q = 1)
= HH[4d theory](t;x2N+1, y2N+1, q = 1) ,
(5.29)
where we have checked this relation for N = 1, 2.
6 Conclusion
In this paper we propose a description of the 3d mirror theories of the S1 reduction
of twisted A2N theories of class S. This is the ‘almost’ star-shaped quiver with
the central gauge node being USp(2N) and with one flavour of the fundamental
hypermultiplet under the unitary group located next to the central USp(2N) node.
In general, the quiver contains unitary, symplectic and special orthogonal gauge
groups. We use the 4d theories recently proposed by Beem and Peelaers [40] as a
testing ground of our proposal. Using the Hilbert series, we show that the Higgs
branch of the 4d SCFT matches with the Coulomb branch of the corresponding 3d
mirror theory. Furthermore, we study the Higgs branch of such mirror theories;
its quaternionic dimension matches with the rank of the 4d SCFT. In many cases,
there are more than one description of the mirror theory, where one is constructed
using the proposal of this paper and the other involves only unitary gauge groups.
We conjecture that these theories are dual to each other and this can be tested by
matching the Hilbert series. One of the important features of these dualities is that in
many cases not all Coulomb branch symmetries of the unitary-orthosymplectic quiver
is manifest in the quiver; in other word, one cannot turn on in the Hilbert series all
of the fugacities associated with the full symmetry of the SCFT in the IR. The full
Coulomb branch symmetry can be seen as an enhanced topological symmetry in the
quiver containing only unitary gauge groups. Moreover, we study deformations of
proposed mirror theories by mass and FI terms. Several of them flow to expected
theories in the IR, providing a highly non-trivial check of our proposal. Making use
of the mirror quiver description, we find a new supersymmetry enhancement RG flow
from the T˜3 theory to the SO(4) super-Yang-Mills.
Let us discuss some of the open questions that arise from the findings of this
paper. First of all, some of the quiver descriptions that we proposed are ‘bad’ theories
in the sense of [38]. Even though we manage to use such a description to compute
various quantities, such as the Coulomb branch dimension and the Higgs branch
Hilbert series, and to study various deformations, it would be nice to come up with
a ‘good’ description for such theories. Secondly, it would be nice to understand
– 43 –
better the dualities between different descriptions of the mirror theory of the S1
reduction of the same 4d SCFT, such that as how to ‘derive’ one description from
the others. Finally, as pointed out in [78, (3.8)], theR2,2N SCFT can be obtained from
a compactification of the 6d (D2N+3, D2N+3) minimal conformal matter theory [79]
on T 2 with non-trivial Stiefel-Whitney classes. One description of the mirror theory
associated with R2,2N is given by (2.49). However, there is another description of
such a theory in terms of a quiver with a non-simply-laced edge [17]. It would be
interesting to find out whether the other mirror theories discussed in this paper also
admit non-simply-laced quiver descriptions.
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A A brief review of Tσρ (SU(N)) and T
σ
ρ (USp
′(2N))
In this appendix we briefly review the crucial results on the Tσρ (SU(N)) and T
σ
ρ (USp
′(2N))
theories that are important for the discussion in the main text.
A.1 Tσρ (SU(N))
Let ρ = (ρ1, . . . , ρ`′) and σ = (σ1, . . . , σ`) be two partitions of N :
σ1 ≥ . . . ≥ σ` > 0 , ρ1 ≥ . . . ≥ ρ`′ > 0 ,
∑`
i=1
σi =
`′∑
i=1
ρi = N . (A.1)
The quiver diagram for Tσρ (SU(N)) is depicted in (A.2) [38], where each circular
node denotes a gauge group and each rectangular node denotes a flavour group. The
label m at each node denotes a U(m) group and `′ is the length of the partition ρ.
This type of quivers has first appeared in [80].
N1 N2 · · · N`′−2 N`′−1
M1 M2 M`′−2 M`′−1
(A.2)
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The flavour symmetries U(Mj), with 1 ≤ j ≤ `′ − 1, are determined from the
transpose σT = (σ̂1, . . . , σ̂̂`), with σ̂1 ≥ . . . ≥ σ̂̂`> 0, of σ as follows:
Mj = σ̂j − σ̂j+1, with (A.3)
σ̂i = 0, for all i ≥ ̂`+ 1 . (A.4)
Observe that Mi = 0 for i ≥ ̂`+ 1 so that there are at most ̂` flavour groups. The
gauge symmetries U(Nj), with 1 ≤ j ≤ `′ − 1, are given by
Nj =
`′∑
k=j+1
ρk −
̂`∑
i=j+1
σ̂i . (A.5)
Note that the theories Tσρ (SU(N)) are defined only for σ
T < ρ.
In this paper, we focus on the case in which σ = [1N ] and the theory in question
is denoted by Tρ(SU(N)). The corresponding quiver reduces to
N1 N2 . . . NdN (A.6)
where the number of gauge groups is d = `′−1. In the main text, we mainly consider
the following two examples of Tρ(SU(2N + 1)).
The partition ρ = [12N+1]. We denote the theory in this case by T (SU(2N + 1))
and the corresponding quiver is
1 2 3 . . . 2N 2N + 1 (A.7)
This is a self-mirror theory whose Higgs and Coulomb branches are isomorphic to
the nilpotent cone of SU(2N + 1) [38], whose quaternionic dimension is
1
2
[
(2N + 1)2 − (2N + 1)] = 2N(2N + 1) . (A.8)
The partition ρ = [N + 1, N ]. The corresponding quiver is
N 2N + 1 (A.9)
The Coulomb branch Hilbert series
For a partition ρ of N , the Coulomb branch Hilbert series of the Tρ(SU(N)) theory
can be computed from its quiver description using the monopole formula, described in
[42]. Alternatively, one can compute this quantity using the Hall-Littlewood formula
[43], without using the quiver description. In the following, let us review the latter.
The Hall-Littlewood formula for the Coulomb branch Hilbert series of the Tρ(SU(N))
theory reads
H[Tρ(SU(N))](t;x1, . . . , xd+1;n1, . . . , nN)
= tδU(N)(n)(1− t2)NKU(N)ρ (x; t)ΨnU(N)(xtwρ ; t) ,
(A.10)
where the notations are as follows:
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1. The integer d + 1 is the length of the partition ρ. It turns out that d is also
equal to the number of gauge group in quiver (A.6).
2. The Coulomb branch symmetry of the Tρ(SU(N)) theory is [
∏
k U(rk)] /U(1),
where rk is the number of times that part k appears in the partition ρ and
d+1 =
∑
k rk. The fugacities associated to this symmetry are x1, x2, . . . , xd+1
subject to the constraint:
d+1∏
i=1
xρii = 1 . (A.11)
3. The power of t in the prefactor is
δU(N)(n) =
N∑
j=1
(N + 1− 2j)nj . (A.12)
4. The Hall-Littlewood polynomial associated with the group U(N) is given by
ΨnU(N)(x1, . . . , xN ; t) =
∑
σ∈SN
xn1σ(1) . . . x
nN
σ(N)
∏
1≤i<j≤N
1− tx−1σ(i)xσ(j)
1− x−1σ(i)xσ(j)
. (A.13)
5. wr denotes the weights of the SU(2) representation of dimension r:
wr = (r − 1, r − 3, . . . , 3− r, 1− r) . (A.14)
Hence the notation twr represents the vector
twr = (t(r−1), t(r−3), . . . , t−(r−3), t−(r−1)) . (A.15)
We abbreviate
ΨnU(N)(xt
wρ ; t) := Ψ
(n1,...,nN )
U(N) (x1t
wρ1 , x2t
wρ2 , . . . , xd+1t
wρd+1 ; t) . (A.16)
6. The prefactor K
U(N)
ρ (x; t) is given by [48]
KU(N)ρ (x; t) =
length(ρT )∏
i=1
ρTi∏
j,k=1
1
1− aijaik
, (A.17)
where ρT denotes the transpose of the partition ρ and
aij = xj t
ρj−i+1 , i = 1, . . . , ρj
aik = x
−1
k t
ρk−i+1 , i = 1, . . . , ρk
(A.18)
For example:
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(a) For ρ = [1N ], we have ρT = [N ] and so
K
U(N)
[1N ]
(x; t) =
∏
1≤j,k≤N
1
1− xjx−1k t2
= PE[t2χ
U(N)
Adj (x)] . (A.19)
(b) For the partition ρ = [N + 1, N ] of 2N + 1, we have ρT = [2N , 1] and so
K
U(2N+1)
[N+1,N ] (x; t) = PE
[
t2N+2 + (x1x
−1
2 + x2x
−1
1 )
N∑
j=1
t2j+1 + 2
N∑
l=1
t2l
]
. (A.20)
A.2 Tσρ (USp
′(2N))
The Tσρ (USp
′(2N)) theory was studied in [39]. From the string theory perspective,
it can be realised on the worldvolume of N D3 branes parallel to an orientifold O˜3
+
plane and ending on systems of half D5 branes and of half NS5 branes. Similar to
the theories discussed in [38], the partitions σ and ρ determine how the D3 branes
end on the half D5 branes and on the half NS5 branes respectively. In this case both
σ and ρ are C-partitions of USp(2N), of lengths ` and `′ respectively.
The quiver diagram for Tσρ (USp
′(2N)) consists of alternating (S)O/USp groups
depicted in (A.21), where each red node with a label N denotes an O(N) or SO(N)
group and each blue node with an even label 2N denotes a USp(2N) group.
N1 N2 N3 . . . NL
M1 M2 M3 ML
(A.21)
We defined
L =
{
`′ − 1 `′ is even
`′ `′ is odd
(A.22)
and if both NL and ML are zero, the nodes are removed from the quiver and the
length of quiver (A.21) is L− 1.
The labels Mj, with 1 ≤ j ≤ L, for the flavour symmetries are determined from
the transpose σT = (σ̂1, . . . , σ̂̂`), with σ̂1 ≥ . . . ≥ σ̂̂`> 0, of σ as follows:
Mj = σ̂j − σ̂j+1, with (A.23)
σ̂i = 0, for all i ≥ ̂`+ 1 . (A.24)
On the other hand, the labels Nj, with 1 ≤ j ≤ L, for the gauge symmetries are
given by
Nj =

[
1 +
∑`′
k=j+1 ρk
]
+˜
−
(∑̂`
i=j+1 σ̂i
)
for the O/SO node , if `′ is even ,[∑`′
k=j+1 ρk
]
−
−
(∑̂`
i=j+1 σ̂i
)
for the USp node , if `′ is even ,[∑`′
k=j+1 ρk
]
+˜
−
(∑̂`
i=j+1 σ̂i
)
for the O/SO node , if `′ is odd ,[∑`′
k=j+1 ρk
]
+
−
(∑̂`
i=j+1 σ̂i
)
for the USp node , if `′ is odd .
(A.25)
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In this paper, we focus on the case in which σ = [12N ] and the theory in question
is denoted by Tρ(USp
′(2N)). The corresponding quiver reduces to
N1 N2 N3 . . . NL2N (A.26)
As we justify in the main text, the red circular node with a label N in this quiver
should be taken as the SO(N) gauge group. We mainly consider the following two
examples.
The partition ρ = [12N ]. We denote the theory in this case by T (USp′(2N)) and
the corresponding quiver is
3 2 5 4 . . . 2N + 1 2N (A.27)
We remark this quiver is a ‘bad’ theory in the sense of [38]. Nevertheless, one can use
this description to compute many quantities, such as the Coulomb branch dimension
and the Higgs branch Hilbert series. Moreover, we can bypass the ‘badness’ of the
quiver and computing the Coulomb branch Hilbert series using the Hall-Littlewood
formula as will be explained below. Since ρ = σ = [12N ], the theory is indeed
self-mirror in this case. In fact, both Higgs and Coulomb branches of this theory is
isomorphic to the nilpotent cone of USp(2N), whose quaternionic dimension is
1
2
[
1
2
(2N)(2N + 1)−N
]
= N2 . (A.28)
The partition ρ = [2N ]. The corresponding quiver is
1 2N (A.29)
where the red circular node denotes the SO(1) group, and so the gauge symmetry is
trivial in this case. This is simply a theory of free 2N half-hypermultiplets.
The Coulomb branch Hilbert series
It is possible to compute the Coulomb branch Hilbert series from the quiver descrip-
tion using the monopole formula [42], provided that the quiver is not a ‘bad’ theory in
the sense of [38]. Alternatively, for a given C-partition ρ of 2N , one can directly com-
pute the Coulomb branch Hilbert series of Tρ(USp
′(2N)) using the Hall-Littlewood
formula [43], without using the quiver and regardless whether the quiver is ‘bad’ or
not. Although the Hall-Littlewood formula for the Coulomb branch Hilbert series
Tρ(USp
′(2N)) was not discussed in [43], the following simple modification of (4.9) of
[43] yields the required formula for the Coulomb branch Hilbert series in question:
HC[Tρ(USp′(2N))](t;x, n1, . . . , nN)
= tδCN (n)(1− t2)NKCNρ (x, t)ΨnCN (a(t,x), t) ,
(A.30)
where the notations are as follows:
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1. The power of t in the prefactor is
δCN (n) =
N∑
j=1
(2N + 2− 2j)nj . (A.31)
2. The function ΨλCN (x, t) is the Hall-Littlewood polynomial associated with the
CN algebra and the partition λ is subject to λ1 ≥ λ2 ≥ . . . ≥ λN ≥ 0, with all
λi integers. It is given by
ΨλCN (x1, . . . , xN ; t) =
∑
s1,...,sN=±1
∑
σ∈SN
(
N∏
i=1
xsiλiσ(i)
1− t2x−2siσ(i)
1− x−2siσ(i)
)
×( ∏
1≤i<j≤N
1− t2x−siσ(i)xsjσ(j)
1− x−siσ(i)xsjσ(j)
·
1− t2x−siσ(i)x−sjσ(j)
1− x−siσ(i)x−sjσ(j)
)
.
3. The argument a(t,x), which shall be abbreviated as a, of the Hall-Littlewood
polynomial can be determined by considering the decomposition
xCNfund(a) =
N∑
j=1
(aj + a
−1
j ) =
∑
k
x
Gρk
fund(xk)χ
SU(2)
[ρk−1](t) , (A.32)
where the group Gρk depends on the part k of the partition ρ that appears rk
times and is defined as
Gρk =
{
USp(rk) if k is odd
SO(rk) if k is even .
(A.33)
For example, for ρ = [12N ], we have aj = xj for j = 1, . . . , N , and for ρ = [2N ],
we have aj = t
2j−1 for j = 1, . . . , N .
4. The prefactor KCNρ (x, t) can be determined in two steps. First of all, we need
to identify the representations Rj of the group
Gρ =
∏
k
Gρk =
∏
k odd
USp(rk)×
∏
k even
SO(rk) (A.34)
from the following decomposition:
χCNAdj(a) =
∑
j=0, 1
2
,1, 3
2
,...
χ
Gρ
Rj
(xj)χ
SU(2)
[2j] (t) . (A.35)
Once Rj are determined, the prefactor in question is then given by
KCNρ (x, t) = PE
 ∑
j=0, 1
2
,1, 3
2
,...
t2j+2χ
Gρ
Rj
(xj)
 . (A.36)
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For example, for ρ = [12N ], we have
KCN
[12N ]
(x, t) = PE
[
χCNAdj(x)t
2
]
(A.37)
and for ρ = [2N ], we have
KCN
[12N ]
(x, t) = PE
[
t4 + t8 + . . .+ t4N
]
. (A.38)
For a given partition ρ, the Coulomb branch symmetry of Tρ(USp
′(2N)) is Gρ,
determined by (A.34). In the Coulomb branch Hilbert series (A.30), the fugacities
x are those associated with the symmetry Gρ, and n1, . . . , nN are the background
magnetic fluxes associated with the flavour symmetry USp(2N) of the theory.
Note that in the special case of ρ = [2N ], the Hall-Littlewood polynomial is
ΨλCN (x1, . . . , xN ; t) = t
−∑Nj=1(2N+1−2j)nj PE[Nt2 − t4 − t8 − . . .− t4N ] (A.39)
and so the Hilbert series (A.30) becomes
HC[T[2N ](USp′(2N))](t;x, n1, . . . , nN) = tn1+n2+...+nN . (A.40)
This is indeed the Coulomb branch Hilbert series of the theory of free 2N half-
hypermultiplets, as described in (A.29).
B Reduction of the D2[SU(2N + 1)] theory on S
1
The 4d N = 2 D2[SU(2N + 1)] theory was first studied in [81, 82]. For N = 1, the
D2[SU(3)] theory is simply the (A1, D4) Argyres-Douglas theory. Upon reduction on
S1 to 3d, the mirror theory is described by the following quiver [7, Figure 3]:
1 2 . . . N − 1 N N N − 1 . . . 2 1
1 1
(B.1)
The quaternionic dimension of the Coulomb branch of (B.1) is 2
∑N
j=1 j = N(N+1),
in agreement with the dimension of the Higgs branch of the 4d D2(SU(N+1)) theory,
which is given by
dimH H[D2(SU(2N + 1))] = 24(c− a)
= 24
[
1
3
N(N + 1)− 7
24
N(N + 1)
]
= N(N + 1) ,
(B.2)
where a = 7
24
N(N + 1) and c = 1
3
N(N + 1) are the conformal anomalies [82]. The
Higgs branch of (B.1) is 2
∑N−1
j=1 j(j + 1) + N
2 + 2N − 2∑Nj=1 j2 = N quaternionic
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dimensional; this is in agreement with the fact that the D2[SU(2N + 1)] theory is a
rank N theory.
The Coulomb branch and Higgs branch Hilbert series can be computed as de-
scribed in the main text. The Coulomb branch symmetry is SU(2N + 1), whereas
the Higgs branch symmetry is U(1). In this paper we focus mainly on the case of
N = 1, 2. The case of N = 1 was discussed in the main text in the context of the
(A1, D4) theory. For N = 2, the highest weight generating function of the Coulomb
branch Hilbert series of theory (B.1) admits the following simple closed form:
HWG [HC[(B.1)N=2]] = HWG[HH[D2[SU(5)]]]
= PE
[
t2µ1µ4 + t
4µ2µ3
]
.
(B.3)
If we set the fugacities in the SU(5) characters to unity, we obtain the closed form
for the following unrefined Coulomb branch Hilbert series for N = 2:
1 + 12t2 + 53t4 + 88t6 + 53t8 + 12t10 + t12
(1− t)12(1 + t)12 . (B.4)
Observe that the order of the pole at t = 1 is 12, equal to the complex dimension of
the Coulomb branch.
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